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� Combustion instabilities in a pre-mixed lean-burn natural gas engine were studied.
� Effect of gas injection timing on the complexity of combustion system was analysed.
� Analysis is based on return map, recurrence plot, recurrence quantification analysis.
� Source of combustion instabilities is identified based on 3-D CFD simulation.
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The cyclic combustion instabilities in a pre-mixed lean-burn natural gas engine have been studied. Using
non-linear embedding theory, recurrence plots (RPs) and recurrence qualification analysis (RQA), the hid-
den rhythms and dynamic complexity of a combustion system in high dimensional phase space for each
gas injection timing (GIT) have been examined, and the possible source of combustion instabilities has
been identified based on 3-D computational fluid dynamics (CFD) simulation. The results reveal that
for lower engine load, with the decrease of mixture concentration, the combustion instability and com-
plexity of combustion system become more sensitive to the variation of GITs. Richer mixture and earlier
(GIT < 30�CA ATDC) or delayed (GIT > 90�CA ATDC) gas injection will lead to more stable combustion, reg-
ular oscillatory and low complexity of combustion system, while leaner mixture together with the med-
ium GITs (from 30 to 90�CA ATDC) easily leads to increase of combustion fluctuations, time irreversibility
and dynamic complexity of combustion system. When GITs are changed, the combustion instabilities of
pre-mixed lean-burn natural gas engines are from in-cylinder unreasonable stratification of mixture con-
centration and turbulent motion.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Energy saving and environmental protection have become two
focus issues right around the world, and the development of clean
alternative energies in place of petroleum is an effective measure
to alleviate these issues. Natural gas is regarded as one of the most
promising alternative fuels due to its abundant reserves and clean
combustion properties. Reserves of natural gas are 149.76 trillion
cubic metres, much larger than for crude oil [1]. The primary
constituent of natural gas is methane (CH4), and it also contains
a small amount of heavier hydrocarbons (ethane, propane and
butane) and inert gases (carbon dioxide and nitrogen). The
hydrogen to carbon ratio (H/C) of natural gas is close to 3.8 and
is the highest of all hydrocarbon fuels. Therefore, the combustion
of natural gas produces the least CO2 per unit of energy released
for all hydrocarbon fuels [2,3]. For example, natural gas produces
25–30% less CO2 emissions per unit of energy than gasoline and
diesel [4,5]. At the same time, oxides of nitrogen (NOx), sulphur
dioxide (SO2) and particulate matter (PM) emissions produced in
the combustion process are lower than for petroleum-based fuels,
so natural gas is widely applied as one of the most ideal fuels of
internal combustion engines [6,7].

Currently, pre-mixed natural gas engines using multi-point
manifold gas injection are being more widely used in the vehicle,
marine and power plant fields. In order to meet the increasingly
strict emission restrictions and demands for fuel efficiency,
lean-burn and exhaust gas recirculation (EGR) technologies are
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considered to be the most effective measures to further improve
fuel efficiency and to minimise NOx emissions on natural gas engi-
nes [8–11]. However, a mixture of air and gas that is too lean, or an
excessive EGR supplied to a cylinder may cause combustion insta-
bility [12,13], and cycle-to-cycle variations (CCV) - which are an
inherent consequence of combustion instability - leading to poor
thermal efficiency and an increase of CO and UHC emissions
[14,15]. If CCV can be eliminated, engine power output will
increase by 10% for the same fuel consumption in a spark ignition
(SI) engine [16]. The effects of some boundary conditions and
structure parameters on combustion characteristics and engine
performance were estimated [17–21]. However, during the actual
operating process of the lean-burn natural gas engine, the appar-
ently stochastic character of CCV makes it difficult to control.
Therefore, it is one of the most important issues in the field of
internal combustion engines to further understand the internal
nature of CCV, to identify their sources and then develop effective
engine control strategies for highly efficient combustion [22–29].

The nature of CCV in internal combustion engines has been
widely investigated. However, sometimes researchers have
reported apparently conflicting observations. For example, some
have described CCV as strictly stochastic, while others have illus-
trated the determinism which has been typically characterised in
strictly linear terms [30–32]. Daily has indicated that CCV are an
inherent consequence of non-linear combustion kinetics, and that
highly chaotic behaviour will occur when the burn time occupies
an excessive fraction of the cycle time [33]. Non-linear dynamic
theory has been increasingly applied to analyse the dynamic prop-
erties of CCV in internal combustion engines because it is a more
sophisticated approach to reveal the complexities of such a
dynamic system. Litak et al. analysed the noise level of maximum
peak pressure fluctuations in a single-cylinder spark ignition (SI)
engine by means of coarse-grained entropy and an autocorrelation
function, and indicated that the dynamic of the combustion is a
non-linear multidimensional process mediated by noise [34].
Curto-Risso et al. used the correlated integral and surrogate data
to investigate the complexity of cycle-to-cycle heat release varia-
tions in a spark ignition engine, and found that low dimensionality
is related to the presence of determinism in heat release fluctua-
tions [35]. Wagner et al. used return maps, Shannon entropy and
symbol sequence statistics to analyse cycle-to-cycle combustion
dynamics, and observed a transition from stochastic behaviour to
noisy non-linear determinism when the equivalence ratio was
decreased from stoichiometric to very lean conditions [36]. Daw
proposed a physically oriented model to predict the lean combus-
tion instability in SI engines. The model combined both stochastic
and non-linear deterministic elements and can be used to simulate
the interaction between stochastic, small-scale fluctuations in
engine parameters and non-linear deterministic coupling between
thousands of engine cycles. The results showed that lean combus-
tion instability should occur as a dynamic period-doubling bifurca-
tion sequence [37]. Sen et al. investigated the complex dynamics of
cyclic combustion heat release variations in a spark ignition (SI)
engine by multifractal and statistical analyses. The multifractal
complexity is based on the singularity spectrum of the heat release
time series in terms of the Hölder exponent. The result indicated
that the complexity increases with an increasing spark advance
angle. The kurtosis of their probability density functions was calcu-
lated to perform a statistical analysis of combustion fluctuations
[38]. Wavelet analysis also was used to characterise the dynamics
of CCV in SI engines [39–41].

Usually, time series of in-cylinder pressure, indicated mean
effective pressure (IMEP) or heat release are used to describe the
variation rules of combustion systems in internal combustion engi-
nes [34–36,38,42–44]. The dynamic state and its evolution process
of combustion system attractor in a high dimensional phase space
can only be visualised by projection into two or three dimensional
subspace. However, the recurrence plot (RP) makes it possible to
investigate the dynamic characteristics of the motion trajectory
of combustion system attractors in an m-dimensional phase space
by using a two-dimensional representation of its recurrences. As a
graphical tool, the RP can be used to visualise the recurrences of
dynamic systems and to reveal temporal correlations. It can pro-
vide a qualitative picture of the correlations between the different
states of the combustion system in a natural gas engine. The infor-
mation contained in RPs is rich and manifold, and often cannot be
easily obtained by other methods [45]. Furthermore, recurrence
quantitative analysis (RQA) introduced by Zbilut and Webber
(and extended by Marwan et al.), can move beyond the visual
impression from RPs and provide the quantitative characteristics
of the dynamic system [46,47]. Another advantage of RQA is that
it can provide useful information even for non-stationary and short
data when other analysis methods fail, such as identifying laminar
states or detecting transitions between regular or chaotic regimes
in complex systems [48–51].

The natural gas engine is a complex dynamic system, and the
combustion instabilities in lean-burn SI natural gas engines are
determined by a wide variety of factors [52]. Among these factors,
only a few parameters can be directly controlled or flexibly modi-
fied by the experimenters based on test purpose during engine
operation, such as ignition (ignition timing, duration and energy),
gas injection (injection timing and quantity) and throttle opening.
Gas injection timing (GIT) has a strong influence on mixture forma-
tion and the combustion process in natural gas engines [53–57].
From the above literature, it is obvious that the majority of the
research work regarding combustion instabilities and dynamic
properties of combustion systems has been done on SI engines.
But only a few research works in the relevant literature have
focused on the effect of GIT on combustion instabilities of pre-
mixed lean- burn natural gas engines. No study has been per-
formed to elucidate the effects of GIT on dynamic complexity of
the combustion process in pre-mixed lean-burn natural gas
engines.

In this regard, the main objectives of the present research are to
(i) to investigate the effect of GIT on the combustion instabilities in
pre-mixed lean-burn natural gas engines, (ii) to reveal temporal
correlations, and quantitatively and qualitatively analyse the hid-
den rhythms and the dynamic complexity of the combustion sys-
tem using chaos theory and more sophisticated non-linear data
analysis methods (including return map, RPs and RQA), and (iii)
to identify the possible sources of combustion instabilities when
GIT is changed, based on 3-D computational fluid dynamics (CFD)
calculations. Our research results are useful to understand the
complex dynamics of cyclic combustion instabilities and may pro-
vide useful information to improve control strategies for gas fuel
injection leading to improvements in the performance of pre-
mixed lean-burn natural gas engines.
2. Facilities and experiment

Tests were conducted on a modified single cylinder, water-
cooled, intake port injection natural gas engine. The test
dynamometer used in our study is an eddy current dynamometer
with an automatic control function. It can work in constant speed
control and constant torque control modes. During the experiment
process, all other feedback controls were cancelled except for
engine speed. Air-to-fuel ratio and gas mass flow rate were
real-time monitored using a Lambda meter and gas flow meter
respectively. The in-cylinder pressure data, crank angle and top
dead centre (TDC) signals were captured by a high-speed data
acquisition system which includes a cylinder pressure sensor, a
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charge amplifier, a crank angle encoder, a 621 combustion analyser
and a computer. The testing apparatus are shown in Table 1. The
cylinder pressure sensor, which is a piezoelectric sensor, was
mounted on the engine cylinder head, which can provide direct
measurement data of the combustion pressure in-cylinder. The
highest sampling resolution of the data acquisition system was
0.1 degrees of crankshaft angle (�CA). In our experiment, a sam-
pling resolution of 1�CA was chosen because it has sufficient accu-
racy to describe each combustion process of a natural gas engine.
The cylinder pressure data file of a single test contained 1800
cycles of engine work. A schematic of the experimental bench is
presented in Fig. 1.

In order to comprehensively test the effect of GIT on combustion
instabilities of lean-burn natural gas engines, the engine experi-
ment was conducted at the whole range of engine speeds and loads,
the engine speed being from 800 to 1400 rpm (with the corre-
sponding crankshaft frequency being from 13.3 to 23.3 Hz), and
the engine load rate being from 0 to 100% at each engine speed.

At each engine load rate, excess air coefficient k was increased
from 1 to the lean flammable limit of the natural gas engine. This
lean limit means that when k approaches or reaches a certain
value, the engine is hardly controlled, and drastic fluctuations of
power output or engine stalling will occur. For each engine load
and speed, pause width of gas injection was kept constant, so k
(excess air coefficient) was fixed, and GIT was varied within the
effective intake valve opening duration. Every interval of GIT is
30�CA. Fig. 2 illustrates the curves of intake and exhaust valve lift,
as well as gas injection control signals when k is 1.4 with the
engine operating at a load rate of 10% and engine speed of
1000 rpm. GIT is from 1 to 150�CA after top dead centre (ATDC)
of the intake stroke.

3. Non-linear time series analysis methods

The Indicated Mean Effective Pressure (IMEP) of all engine test-
ing cycles (1800 cycles) was calculated based on in-cylinder pres-
sure and cylinder volume. These data have then been analysed by
visual inspection of the phase space and the corresponding RPs as
well as quantitatively by RQA.

3.1. Phase space reconstruction

Phase space reconstruction is a useful way to reconstruct the
attractor of a dynamic system based on a limited time series x(i),
(i = 1, 2, . . ., N) and to investigate the system’s dynamics. The
reconstruction procedure is based on a time-delay embedding
providing a set of m-dimensional vectors:

Xi ¼ fxðiÞ; xðiþ sÞ; . . . ; xðiþ ðm� 1Þsg
i ¼ 1;2; . . . ;N � ðm� 1Þs ð1Þ
where x(i) is the IMEP time series, Xi is the corresponding phase
space vector, N is the total sampling number, m is the embedding
dimension, and s is the time delay. m and s are crucial parameters
for the reconstruction of the phase space and must be selected
Table 1
Experimental apparatus.

Facilities Type Supplier

Dynamometer GW160 XIANGYI
Cylinder pressure sensor GU21 AVL
Crank angle encoder 365C AVL
Charge amplifier 6125C KISTLER
Combustion analyser 621 AVL
Gas flow meter CMF010 EMERSON
Lambda meter LA4 ETAS
properly, e.g. with the help of a sophisticated algorithm. If m is
set too small, the dynamic system will be under-determined and
false recurrences can occur. If m is selected too large, a significant
amount of artefacts can appear [48]. If the chosen s is too small
or too large, the reconstructed attractor of the dynamic system can-
not be sufficiently unfolded. In this study, the mutual information
function method [58] and the false nearest neighbours algorithm
[59] were used to determine the optimum s and m respectively.

3.2. Recurrence plot (RP)

The RP can be formally expressed by a matrix [35].
An RP is defined as:

Ri;j ¼ Hðe� kXi � XjkÞ ð2Þ
where Xi and Xj are i-th and j-th points of the state space trajectory,
k � k is the Euclidean norm, e is the recurrence threshold andH(s) is
the Heaviside function which is defined as:

HðsÞ ¼ 1 s P 0
0 s < 0

�
ð3Þ

Hence, the RP is a symmetric and square array of 1 s and 0 s.
Entries of 1 represent those pairs of states (points at the recon-
structed phase space trajectory) that have distances smaller than
the recurrence threshold e and are considered as recurrences. RPs
are usually displayed using the colour black for the value 1.

The threshold e is a crucial parameter for calculating the RP of a
dynamic system. Depending on the application, different rules for
its selection have been proposed [49]. Here a criterion was used
to ensure a constant density of recurrence points (i.e., recurrence
rate, see below).

An RP exhibits characteristic small- and large-scale patterns
which are caused by typical dynamic behaviour. For an autono-
mous or stationary dynamic system such as white noise, the recur-
rence points in the RP are uniformly distributed [45]. The RPs of
periodic and quasi-periodic dynamics consist of periodically occur-
ring continuous diagonal lines or patterns. A paling towards the
corners in the RP is caused by systems with slowly varying param-
eters, e.g. non-stationary systems or trends. Abrupt changes in the
dynamics as well as extreme events are characterised by white
areas or bands.

The small-scale patterns, such as diagonal and vertical lines, are
the base for a recurrence quantification analysis. For example, a
diagonal line represents periods of similar evolution of the system.
The length of such a line is, therefore, related to the divergence
behaviour of the dynamics (and indirectly related to the Lyapunov
exponent). Vertical or horizontal lines signify the presence of lam-
inarity or intermittency in the time series [49]. If only single iso-
lated points occur in an RP, the process may be an uncorrelated
random or even anti-correlated process.

3.3. Recurrence quantification analysis (RQA)

Several RQA measures have been introduced, most being based
on diagonal and vertical lines in the RP [46,47,49]. In our study we
focus on the recurrence rate (RR), determinism (DET), divergence
(DIV), line length entropy (ENTR), and laminarity (LAM).

The recurrence rate (RR) is a measure quantifying the recur-
rence density of an RP,

RR ¼ 1
N2

XN
i;j¼1

Ri;j ð4Þ

It is an estimation of the recurrence probability of the system.
The determinism (DET)
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DET ¼
PN

l¼2lPðlÞPN
i;jRi;j

ð5Þ

is the proportion of recurrence points forming diagonal structures
to all recurrent points in the RP (P(l) is the histogram of the line
lengths of the diagonal lines). RPs of highly deterministic systems
contain mainly diagonal lines, whereas RPs of stochastic systems
consist mainly of single dots. Therefore, DET gives some indication
about the nature of the dynamics (deterministic vs. random).
Hence, this measure in terms of predictability (such as small values
indicate low predictability and high values indicate good pre-
dictability) can be interpreted.

The longest diagonal line segment excluding the main diagonal
line in the RP is indirectly related to the Lyapunov exponent of the
dynamics [49]. The inverse of the length of the longest line Lmax is
the RQA measure divergence (DIV).

The measure ENTR refers to the Shannon entropy with respect
to the probability p(l) of finding a diagonal line of exactly length
l in RP, where

pðlÞ ¼ PðlÞPN
l¼lmin

PðlÞ

and

ENTR ¼ �
XN
l¼lmin

pðlÞ ln pðlÞ ð6Þ
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Fig. 3. IMEP time series when k is 1.4, the engine load rate is 25%, and the engine
speed is 1000 rpm.
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ENTR is a measure of complexity of the deterministic structure
in the examined dynamic system. For example, for uncorrelated
noise ENTR has very low values, indicating the low complex nature
of the dynamics, whereas for chaotic systems (where the RP con-
tains diagonal lines of different lengths and also single dots) the
ENTR is large.

Laminarity (LAM)

LAM ¼
PN

t¼2tPðtÞPN
t¼1tPðtÞ

ð7Þ

(with P(v) the histogram of vertical line lengths) is analogous to
DET, but quantifying the percentage of recurrent points forming
the vertical lines rather than diagonal line structures. This measure
can be used to indicate the extent of laminar phases or intermit-
tency in the studied system [51].

4. Results and discussion

After comparing the effect of GIT on the combustion instabili-
ties of the lean-burn natural gas engine at different engine speed,
load and k, we can observe that the combustion instabilities of
the natural gas engine are more sensitive to the variation of GIT
at lower load and leaner mixture. Figs. 3–6 show the time series
of IMEP when k is 1.4 and 1.6, the engine load is 25% and 10%,
and engine speed is 1000 rpm.

We can see that as the mixture concentration becomes leaner,
the engine cyclic combustion fluctuations increase. However, an
optimised GIT can improve the combustion stabilities and further
extend the effective lean-burn boundary of pre-mixed natural gas
engines. For instance, when the engine operates at a load rate of
25% and k is 1.4, the minimum co-efficient of cyclic combustion
variation based on the IMEP (COVIMEP) is 1.7%, which occurs at
GIT of 30�CA ATDC. However in Fig. 4, when the engine operates
at a load rate of 25% and k is 1.6, the maximum coefficient of cyclic
combustion variation is 6.1%, which occurs at GIT of 1�CA ATDC. A
more steady combustion occurs after GIT of 90�CA ATDC, and the
minimum COVIMEP is only 2.0% when GIT is 120�CA ATDC.

Compared to the engine load rate of 25%, the combustion insta-
bilities of the natural gas engine at an engine load rate of 10% are
more sensitive to the variations of GIT, with the combustion
process being more complex. Figs. 5 and 6 indicate the IMEP time
series, when the engine operates at a load rate of 10% and engine
speed of 1000 rpm. For the engine load of 10%, the pulse width
of gas fuel injection is only 32�CA. The fuel injection occupies a
shorter cycle time of intake stroke when compared to the
effective open period of the intake valve (228�CA), which allows
a wide-range adjustment of GIT, being from 1 to 150�CA ATDC.
The minimum GIT of 1�CA ATDC is chosen because it can avoid
gas fuel loss caused by scavenging. At that time the pressure is
higher than the mixture pressure in the intake port. In order to
reduce the effect of possible residual gas fuel in the intake port,
the injection direction of gas fuel is designed to be the same as
the direction of air flow in the intake pipe, so the kinetic energy
of gas fuel can be utilised to speed up the suction of gas fuel.

Fig. 5 depicts IMEP time series exhibiting small-scale fluctua-
tions when natural gas is injected into the intake port during the
earlier (before 30�CA ATDC) or later stage (after 90�CA ATDC) of
intake stroke, and COVIMEP is no more than 5% for GIT of 1, 90,
120 and 150�CA ATDC. When the GIT is less than 60�CA ATDC,
the combustion fluctuations rapidly increase with the increase of
GIT, (especially when GIT is 60�CA ATDC), COVIMEP reaches 26%,
the engine is difficult to control, and the power output of the
lean-burn natural gas engine decreases rapidly. With the decrease
of mixture concentration, the effect of GIT on combustion instabil-
ities becomes increasingly obvious (see Fig. 6), especially if natural
gas is injected into the intake port near 60�CA ATDC. Partial com-
bustion and misfire frequently occur, leading to engine stalling
(see Fig. 6(c)). This phenomenon in Figs. 5 and 6 clearly reveals
the potential to further improve engine fuel efficiency and reduce
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NOx emissions as well as extending the lean-burn limit of natural
gas engines by optimising the GIT.

Based on the complexity of the combustion process under lower
engine load and leaner mixture, in the following sections of this
paper a phase space reconstruction will be performed, plot RPs and
the measures of RQA will be calculated when the engine load rate
is 10%, k is 1.4 and 1.6, and GIT was varied from 1 to 150�CA ATDC.

In this study, the mutual information function method was used
to determine the optimal time delay s, accompanied with the visu-
alisation of the attractor structure in the phase space. We used the
false nearest neighbours method to determine the optimum
embedding dimension of IMEP time series and the recurrence
threshold e was chosen to ensure a constant recurrence rate of
RR = 0.1. The selected values of m, s and e are shown in Table 2.

The mean (l) and standard deviation (r) of the IMEPs were cal-
culated when the engine load rate is 10%, engine speed is
1000 rpm, k is 1.4 and 1.6, and GIT is from 1 to 150�CA ATDC
(see Fig. 7). Fig. 7 shows that for k = 1.4 and k = 1.6, as mixture con-
centration becomes leaner, l decreases and r increases, this means
that engine effective power output decreases and cyclic combus-
tion stabilities become poor. The minimum of l and the maximum
r occur at GIT of 60�CA ATDC.

The change of GIT also has a significant effect on the geometric
structure of combustion system attractors. Figs. 8 and 9 depict the
plots of the two-dimensional phase space reconstruction of IMEP
time series when k is 1.4 and 1.6 respectively, the engine load is
10% and the engine speed is 1000 rpm. The resulting pattern
reveals the relationship between the IMEPs for successive cycles.
When the earlier or delayed gas injection was used, the patterns
of phase space reconstruction possess a quasi-circular structure
and appear symmetric about the diagonal which corresponds to
the time reversibility, and the distribution region of state points
is relatively small; the few state points located away from the cen-
tre of the attractor on the phase space are caused by occasional
misfires and partial-combustion (see Fig. 8(a), (d), (e) and (f)).
However, for some intermediate values of GIT we can see that
the distribution of state points on the phase space exhibits a strong
randomness, which leads to the small mean and larger standard
deviation of IMEPs corresponding to the deterioration of the com-
bustion stability as shown in Fig. 8(b) and (c). The combustion sys-
tem attractor has a loosened and bifurcated geometry structure;
the bifurcation parts of the attractor were described as ‘‘character-
istic arms” in [60].

As the engine is operated near the lean-burn limit, the combus-
tion stabilities become even poorer, the mean of IMEPs decreases
and the standard deviation increases when compared with use of
the richer mixture, and the patterns of combustion system



Fig. 6. The IMEP time series when k is 1.6, the engine load rate is 10%, and the
engine speed is 1000 rpm.
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attractors described in Fig. 9 are very different from the attractor
structure described in Fig. 8. For all GITs, the main body of the
attractor appears as a triangle, and the ‘‘characteristic arm” struc-
tures can be clearly observed. The difference between phase space
reconstruction plots for each of the GITs in Fig. 9 is that for GIT
being from 30 to 90�CA ATDC, the plots of phase space reconstruc-
tion exhibit increased asymmetry about the diagonal, the time
irreversibility is more obvious, the amount of state points away
from the main body of the attractors increases, and the ‘‘character-
istic arms” become denser as shown in Fig. 9(b) and (d). This leads
Table 2
Values of m, s and e used for RQA.

GIT k = 1.4

�CA ATDC m s e

1 7 1 0.00
30 8 1 0.00
60 10 1 0.00
90 8 1 0.00
120 6 1 0.00
150 5 1 0.00
to engine stalling (see Fig. 9(c)), meaning that a pattern cannot be
displayed.

Based on the relationship between the structures in the RPs and
the specific dynamic behaviour, the dynamics of the combustion
system of lean-burn natural gas engines can be identified. In order
to gain insight into the overall impression and the internal textures
of RPs, the RPs at different engine operating conditions and their
small-scale structures were illustrated. Fig. 10 illustrates the RPs
obtained from the IMEP time series, including all work cycles for
different GITs when the engine load is 10%, the engine speed is
1000 rpm, and k is 1.4. Fig. 11 reveals the small-scale structures
of Fig. 10. We can observe from Figs. 10 and 11 that there are diag-
onals, vertical or horizontal lines and white stripes or bands. How-
ever, the scale and texture in the RPs are different. For the richer
mixture (k is 1.4), if earlier or delayed injection was used, we can
easily find series of short lines parallel to the main diagonal line
in the RPs (see Fig. 11(a), (b) and (d)), and a relatively regular
checkerboard structure can be observed in Figs. 10(e) and 11(e).
Such texture characteristics mean a more regular oscillatory beha-
viour and a stable combustion process of the combustion system.
For GIT of 150�CA ATDC, the RP in Fig. 10(f) has a richer texture,
indicating the existence of determinism in the system. Normally,
at the engine operating conditions listed above, more stable com-
bustion and higher fuel efficiency can be obtained. However, for
GIT of 60�CA ATDC, the RP has a preponderance of vertical or hor-
izontal lines (see Figs. 10(c) and 11(c)), which signifies the pres-
ence of laminar states or intermittency in the IMEP time series,
which correspond to more drastic combustion fluctuations and
reduced power output, as well as poor emission characteristics in
pre-mixed lean-burn natural gas engines. In addition, from
Fig. 10, it is obvious that several wider white horizontal and verti-
cal bands occur, which may be caused by an occasional misfire or
partial combustion. From reconstruction of the phase space, the
state points which are far from the main body (see Fig. 8) can be
clearly found.

As the mixture concentration becomes leaner, the combustion
instabilities increase rather obviously. The structures of the RPs
are very different when contrasting Figs. 10 and 12. The latter illus-
trates the RPs obtained from experimental IMEP time series for dif-
ferent GITs when the engine load is 10%, the engine speed is
1000 rpm, and k is 1.6. In Fig. 12, the RPs have a preponderance
of vertical or horizontal lines. On the whole, the structures are
more similar to Fig. 10(c). However, we can see from the small-
scale texture of RPs in Fig. 13 that for GIT of 1, 120 and 150�CA
ATDC, there are a series of shorter diagonals parallel to the main
diagonal (see Fig. 13(a), (e) and (f)). The structures in RPs when
GIT is from 30 to 90�CA ATDC (see Fig. 13(b) and (d)) are similar
to Fig. 11(c), when more vertical or horizontal lines appear.
Although the RP when GIT is 60�CA ATDC cannot be obtained
because the severe combustion instabilities led to engine stalling,
its structure of RP is predictable based on the above analysis, which
should be also similar to Fig. 13(b) and (d). In order to further cor-
roborate the above results and quantitatively analyse the effect of
k = 1.6

m s e

46 7 1 0.0150
34 9 1 0.0403
46 – –
97 10 1 0.0394
94 7 1 0.0196
74 8 1 0.0208
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GIT on combustion instabilities of lean-burn natural gas engines,
RQA was performed in the following analysis.

Using RP, we can qualitatively describe the dynamics of a time
series, while RQA allows us to further characterise the dynamics by
quantitative measures. In this study, RR, DET, DIV, ENTR, and LAM
were analysed for each IMEP time series to identify the complexity
of the combustion system and the effect of GIT on combustion
instabilities of natural gas engines. The calculation results of the
RQA measures can be compared to each other because the same
RR parameter (RR = 0.1) was adopted in this study. Fig. 14 presents
the calculation results of RQA measures when the engine load rate
is 10%, the engine speed is 1000 rpm, k is 1.4 and 1.6, and GIT is
from 1 to 150�CA ATDC. From Fig. 14, the obvious variation rules
of RQA measures can be observed when the GIT is changed. DETs
are presented in Fig. 14(a) - it shows that the DETs are relatively
high for all parameter settings, which are higher than 0.89. When
the mixture concentration is held constant, along with the increase
of GIT, the values of DET slightly increase first, and then decrease;
DET is highest at GIT of 60�CA ATDC. For different mixture concen-
trations, the values of DET are higher using leaner mixture except
for a GIT of 1�CA ATDC, but the variations of DET are quite small.
This may indicate the good predictability of the combustion
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Fig. 8. Plots of phase space reconstruction of IMEP time series when
system in lean-burn natural gas engine under different engine
operating conditions. The behaviours of DIV versus GIT are pre-
sented in Fig. 14(b). Along with increase of GIT, DIV decreases first,
and then increases for constant mixture concentration. The mini-
mum value of DIV occurs at GIT of 60�CA ATDC, which is equal
to 0.162 when k = 1.4. Comparing to leaner mixture, the DIVs are
higher for different GITs (except for 1�CA ATDC) using richer mix-
ture. In Fig. 14(c), for a different concentration mixture, a similar
variation tendency of the measure LAM versus GIT was observed.
Namely, with the increase of GIT, LAM will increase first, and then
decrease, with the peak of LAM occurring at 60�CA ATDC. This
means that the extent of laminar phases or intermittency in the
IMEP time series increases, which can further validate our analysis
related to Figs. 11 and 13. However, for different mixtures, there is
not an obvious variation rule of LAM at the same GITs. ENTRs for
every GIT under different concentration mixtures are plotted in
Fig. 14(d). Note that for a constant mixture concentration, as GIT
increases, the values of ENTR increase first, and then decrease.
ENTR also reaches its local maximum at GIT of 60�CA ATDC, and
except for GIT of 1 and 30�CA ATDC, ENTRs are higher for leaner
mixture. The more complex the deterministic structure, the larger
the ENTR value, so we can conclude that a non-optimised GIT and a
too-lean mixture will lead to an increase in the combustion insta-
bilities and complexity of the combustion system in lean-burn nat-
ural gas engines.

In order to further gain insight into the source of combustion
instabilities and to explain the complex dynamics of combustion
systems in lean-burn natural gas engines, the distribution of CH4

concentration in-cylinder was also visualised by the 3-D CFD
numerical simulation method. Figs. 15 and 16 illustrate the distri-
bution of in-cylinder CH4 and OH concentration distributions when
the engine speed is 1000 rpm, engine load rate is 10%, k is 1.6 and
GIT is from 1 to 120�CA ATDC. The ignition timing is 30�CA before
compression TDC, the axial cross sections across the centre of the
spark plug were selected when the engine piston is located at
32�CA before compression TDC. The engine load of 10% and k of
1.6 were chosen to simulate the CH4 concentration field because
the combustion instabilities of natural gas engines are more
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Fig. 9. Plots of phase space reconstruction of IMEP time series when k = 1.6, the engine load is 10% and the engine speed is 1000 rpm.

Fig. 10. RPs when k = 1.4, the engine load is 10% and the engine speed is 1000 rpm: (a–f) correspond to GITs of 1, 30, 60, 90, 120 and 150�CA ATDC.
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sensitive to variation in GIT, and their combustion system is more
complex. We also sought to determine why engine stalling occurs
at GIT of 60�CA ATDC. The distribution of CH4 when GIT is 150�CA
ATDC is not given here because we observed the fuel gas residual in
the intake port during simulation process - although in theory
there is enough time before the intake valve closes – and gas fuel
can be drawn into the cylinder. In fact the flow speed of the
mixture of gas fuel and air in the intake port is quite low, because
when the engine load rate is 10%, the opening of the throttle is only
7.2�, after air goes through the small gap between the inner wall
and the valve plate of the throttle, the air expands, the pressure
increases and flow speed decreases rapidly. Perhaps this can help
us to understand why the textures of RP in Figs. 10(f) and 11(f)
are different from other conditions. These differences may be



Fig. 11. The small-scale structures of Fig. 10.

Fig. 12. RPs when k = 1.6, the engine load is 10% and the engine speed is 1000 rpm: (a–f) correspond to GITs of 1, 30, 60, 90, 120 and 150�CA ATDC.
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caused by the effect of gas fuel residual from the prior cycles. In
Fig. 15, the position of the ignition kernel of the spark plug was
marked by a black dot.
Interestingly, Fig. 15 presents the in-cylinder CH4 concentration
when the piston is located at 2�CA before ignition. The results for
GIT of 1�CA ATDC show that the CH4 concentration is highest in



Fig. 13. The small-scale structures of Fig. 12.
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the middle and at the top, and the local mass fraction of CH4 near
the spark plug is approximately 0.038. This value is corresponding
to k of 1.48 and is richer than the average value of k (1.6). Such
stratification of CH4 concentration is more beneficial to the forma-
tion and its development of the initial flame core, which can lead to
more stable combustion in lean-burn natural gas engines. As GIT is



2ºCA before ignition

Fig. 15. The distribution of CH4 concentration in-cylinder when the engine load is 10%, the engine speed is 1000 rpm, k is 1.6 and GIT is from 1 to 120�CA ATDC.

20ºCA after ignition

Fig. 16. The distribution of OH concentration in-cylinder when the engine load is 10%, the engine speed is 1000 rpm, k is 1.6 and GIT is from 1 to 120�CA ATDC.
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30�CA ATDC, the CH4 concentration near the spark plug is higher,
but if a small variation of CH4 distribution (especially for the leaner
mixture) caused by turbulent motion of in-cylinder mixture
occurs, it will produce an amplified effect on combustion instabil-
ities, the randomness of combustion process increases, and so
drastic combustion fluctuations occur (see Fig. 6(b)). However,
we can notice from Fig. 15(c) that for GIT of 60�CA ATDC, the CH4

mass fraction near the spark plug is 0.027 (k is 2.1). Too lean mix-
ture of CH4 and air is difficult to ignite, and even though it can be
initially oxidised, the flame core cannot be maintained and devel-
oped because there is only a small amount of energy input from
the surrounding elements. In addition, the turbulence in-cylinder
can also increase the probabilities of engine misfire. Therefore,
such structure of CH4 concentration fields results in an increase
of the dynamic complexity of combustion system (see Fig. 14).
As the GIT increases, although structures of CH4 concentration
fields are not so reasonable because the richer mixture is located
in the lower right region in the combustion chamber, the local
CH4 concentration near the spark plug gradually increases (see
Fig. 15(d) and (e)), leading to more stable combustion of lean-
burn natural gas engines. This can be observed in Fig. 6
(e) and (f). From the discussion above, we can clearly identify the
source of combustion instabilities and the main reason for the
increase in complexity of combustion systems.

Fig. 16 presents the in-cylinder OH concentration distributions
at 20�CA after ignition. It is clear that with the increase of GIT,
the flame radius decreases first, and then increases. For earlier
(GIT < 30�CA ATDC) or delayed (GIT > 90�CA ATDC) gas injection,
the relatively reasonable CH4 concentration distributions near
the spark plug before ignition (see Fig. 15(a), (b) and (e)) lead to
more stable initial kernel and fast flame propagation, the shapes
of flame front face are more regular quasi-elliptic (see Fig. 16(a),
(b) and (e)). However, for the intermediate value of GIT, the speed
of flame propagation is lower (see Fig. 16(c) and (d)). From the
discussion above, it is clear that the combustion instabilities and
increasing complexity of pre-mixed lean-burn natural gas engine
are from unreasonable stratification of CH4 concentration.

During the study of control strategy and performance calibra-
tion of natural gas engine, usually researchers or engineers may
pay more attention to calibrating or optimizing spark ignition tim-
ing and air/fuel ratio (by adjusting gas injection pulse width) under
different engine operating conditions, at higher engine load, in
order to avoid the residual of mixture of air and gas fuel in intake
manifold, earlier gas injection should be adopted and there is a
small adjustable range of GIT, however our research results show
that at low load the gas injection pulse width is very small, so a
constant gas injection timing is obviously unreasonable because
the combustion instabilities and complexity of combustion system
are very sensitive to change of GIT, properly earlier or delayed gas
injection will lead to more stable and improved combustion, this
means that intermediate values of GIT should be avoided.
5. Conclusions

In this study, the cyclic combustion instabilities of the indicated
mean effective pressure (IMEP) in a pre-mixed lean natural gas
engine have been investigated when the engine speed was
1000 rpm, the engine load rate was 10%, and k was 1.4 and 1.6
respectively. For each mixture concentration (k), the combustion
instabilities for six different values of gas injection timing (GIT)
were analysed. Using non-linear embedding theory, recurrence
plots (RPs), recurrence quantification analysis (RQA), the hidden
rhythms and the dynamic complexity of the combustion system
have been examined and the possible source of combustion
instabilities in a pre-mixed lean-burn natural gas engine has been
identified, based on 3-D computational fluid dynamics (CFD)
simulation.
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(1) Comparing a large engine load and richer mixture, GIT has a
more significant effect on combustion instabilities in natural
gas engines under lower load and using a leaner mixture,
and earlier (GIT < 30�CA ATDC) or delayed (GIT > 90�CA
ATDC) gas injection will lead to more stable combustion
and higher power output, while the medium GITs (from 30
to 90�CA ATDC) will lead to an increase of combustion fluc-
tuations and poor engine performance.

(2) For richer mixture, earlier or delayed gas injection leads to
relatively small and quasi-circular structures of attractors
in phase space, and the state points of attractors appear
time–reversible, a series of short lines parallel to the main
diagonal line in RPs indicate the more regular oscillatory
behaviour of the combustion system. However, the medium
GITs lead to the increase of randomness of distribution of
state points in phase space and the attractors with more
loosened and bifurcated geometric structure, and the ‘‘char-
acteristic arms” of attractors were clearly observed. While
the mixture becomes leaner, the medium GITs result in the
increasing asymmetry of attractors and denser ‘‘characteris-
tic arms”, which exhibit time-irreversibility. The preponder-
ance of vertical or horizontal lines in RPs signifies the
presence of laminar states or intermittency in the IMEP time
series. The white bands in the RPs may be caused by misfire
or partial combustion.

(3) For different mixture concentrations, except for DIV, the
other RQA measures exhibit the same variation trends with
GIT. With the increase of GIT, the RQA measures first
increase, and then decrease. For the leaner mixture and
medium GITs, the higher ENTR mean the higher system
complexity. The combustion instabilities and increasing
complexity are from unreasonable stratification of mixture
concentration, unreliable formation of initial ignition core
and turbulent motion in-cylinder.

Our research results are useful to understand the inherent nat-
ure and complex dynamics of combustion systems, to identify the
source of combustion instabilities, and then develop more intelli-
gent control strategies and to further extend the combustion
boundary of pre-mixture lean-burn natural gas engines.
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