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ABSTRACT

Capturing the complex spatiotemporal flame dynamics inside a rocket combustor is essential to validate high-fidelity simulations for devel-
oping high-performance rocket engines. Utilizing tools from a complex network theory, we construct positively and negatively correlated
weighted networks from methylidyne (CH!) chemiluminescence intensity oscillations for different dynamical states observed during the
transition to thermoacoustic instability (TAI) in a subscale multi-element rocket combustor. We find that the distribution of network mea-
sures quantitatively captures the extent of coherence in the flame dynamics. We discover that regions with highly correlated flame intensity
oscillations tend to connect with other regions exhibiting highly correlated flame intensity oscillations. This phenomenon, known as assorta-
tive mixing, leads to a core group (a cluster) in the flow-field that acts as a “reservoir” for coherent flame intensity oscillations.
Spatiotemporal features described in this study can be used to understand the self-excited flame response during the transition to TAI and
validate high-fidelity simulations essential for developing high-performance rocket engines.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0080874

I. INTRODUCTION
Thermoacoustic instability (TAI) continues to hinder the devel-

opment of rocket engines aimed for space and other strategic applica-
tions.1–4 This phenomenon is characterized by extremely large
amplitude pressure and heat release rate oscillations in the combustor.
These large amplitude oscillations entail premature structural failure
of engine components, overwhelm the thermal protection system due
to excessive heat transfer, and can even lead to total mission failure. As
a result, there is substantial interest in studies that enhance our knowl-
edge on the temporal and spatiotemporal dynamics of thermoacoustic
instabilities occurring inside rocket combustors and toward designing
control remedies to overcome this hazardous phenomenon.5

In a typical liquid rocket combustor, the fuel and oxidizer are
supplied to the combustor through a number of carefully arranged

injectors to achieve the desired mixture required for combustion. The
propellants rapidly react in the high pressure environment of the com-
bustor establishing a multitude of jet flames. Depending on the spatio-
temporal interaction of the combustion and flow-field with the
acoustic field, thermoacoustic instability characterized by either low or
high frequency oscillations can be established. Especially, the occur-
rence of high-frequency thermoacoustic oscillations is hazardous due
to extreme wall heat transfer resulting in catastrophic failures.6

A number of studies have focused on characterizing high fre-
quency thermoacoustic oscillations applied to liquid rocket propul-
sion.7–9 Understanding the flame dynamics in conjunction with the
acoustic pressure oscillations forms the fundamental part of many of
these studies.6,9–11 The jet flame dynamics is controlled by local acous-
tic perturbations, turbulent flow, non-premixed combustion, hydrody-
namic instabilities, and the geometry of the combustor.
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The heat release rate oscillations can be separated into two com-
ponents: coherent and incoherent fluctuations.12 The jet flame usually
exhibits intrinsic incoherent oscillations in response to the turbulent
flow fluctuations.12 Based on the flame density ratio, the jet flame may
exhibit coherent oscillations.13 Furthermore, when the jet flames are
sensitive to the local transverse acoustic pressure and acoustic velocity
fluctuations, they are laterally displaced and oscillate vigorously.14–16 In
a rocket combustor susceptible to transverse thermoacoustic instability,
the neighboring jet flames might merge and even exhibit strong collec-
tive interactions.17 Such flame–flame interactions have been proposed
to be a possible driving mechanism for thermoacoustic instability.18,19

Furthermore, the presence of atomization, vortex shedding, shear
layers, coherent structures, and shock waves in the flow-field imparts
heterogeneity to the local flame dynamics. Therefore, the jet flame
dynamics in a rocket combustor is heavily influenced by the nonlinear
interactions among acoustic, combustion, and fluid mechanic
processes.

Due to the complex nonlinear interactions between these various
physical processes, there is an emergent behavior in the spatiotemporal
flame dynamics that cannot be understood using the framework of a
linear theory. Therefore, it is essential to study the flame dynamics
under the purview of the complex systems approach.20 Here, the
emphasis is on understanding the system as a whole, instead of exam-
ining the components in isolation. In this work, we base our analysis
on the complex networks approach, which provides a framework com-
patible with the complex system viewpoint. Complex network analysis
is a promising approach to understand the complex behavior of several
real-world complex systems in which interactions between different
subsystems lead to critical transitions, self-organization, collective
behavior, cascading failures, etc.21 In the complex network theory, the
components and interactions among them are represented as nodes
and links, respectively. Since its inception, complex networks have
been applied to diverse areas such as medicine, earth sciences, eco-
nomics, biology, computer science, and fluid mechanics.21–23

Recent studies conducted on air-breathing turbulent combustors
have adopted the complex network theory to understand the temporal
and spatiotemporal dynamics during the transition from a stable state
to thermoacoustic instability via intermittency (INT).24 Specifically,
the networks constructed from temporal acoustic pressure oscillations
characterized the network topology and provided precursors to
thermoacoustic instability25,26 and lean blowout.27 Hybrid approaches
combining machine learning and complex networks have been useful
to devise precursors for thermoacoustic instabilities.28 Analyzing
acoustic pressure data acquired from the same model rocket combus-
tor used in this study, Kasthuri et al.29 used recurrence networks to
show the slow-fast timescales arising due to the phenomenon of wave
steepening.

Unni et al.30 identified “critical regions” in the flow-field for each
dynamical state during the transition to thermoacoustic instability
using spatial networks based on the correlation between the time series
of velocity fluctuations at different locations in a bluff-body stabilized
combustor. For the same combustor, Krishnan et al.31,32 experimen-
tally showed that the ‘critical region’, identified using the network the-
ory, is the optimal location for implementing passive control
strategies. They also constructed time-varying spatial networks to
quantify the spatiotemporal evolution of clusters of acoustic power
sources during the transition to thermoacoustic instability.33

Hashimoto et al.34 devised a turbulence network from vorticity to char-
acterize the spatiotemporal dynamics during thermoacoustic instability
and identified regions driving thermoacoustic instability in a model
rocket combustor. Aoki et al.35 used the network entropy in ordinal
transition partition networks to detect the dynamical states in the same
combustor. Recently, Shima et al.36 used a thermoacoustic power net-
work to understand the role of thermoacoustic power sources in driv-
ing of thermoacoustic oscillations.

In light of the advancements in the complex network theory, in
this paper, we construct positively and negatively correlated spatial
networks to identify different regions of coherent and incoherent heat
release rate oscillations in the turbulent reactive flow-field of a 2D sub-
scale rocket combustor exhibiting self-excited transverse instabilities.
Since coherent flame oscillations can generate and sustain thermo-
acoustic instability,12,37 it is of utmost importance to characterize the
coherence in the flame oscillations. Positively and negatively correlated
flame regions might indicate the locations of sources or sinks of acous-
tic power, respectively. In turn, the acoustic power sources and sinks
promote or inhibit the thermoacoustic oscillations present in the com-
bustor. Moreover, the magnitude of positive or negative correlation
observed at different spatial locations allows us to distinguish different
spatial regions in the reactive flow-field. Understanding the extent and
spatial distribution of positively and negatively correlated regions dur-
ing the transition to thermoacoustic instability forms the core motiva-
tion behind this study.

The remainder of this paper is structured as follows: first, we
describe the experimental model rocket combustor in Sec. II. Then, we
describe the methodology behind network construction in Sec. III.
Subsequently, using the network measures described in Sec. IV, we
quantify the extent of coherence and incoherence in the flame inten-
sity oscillations at different regions in the combustor in Sec. V.

II. EXPERIMENTAL SETUP
The multi-element model rocket combustor is based on an

oxidizer-rich staged combustion cycle (Fig. 1). Gaseous oxygen pre-
heated to TO2 ¼ 620K in a preburner and methane at TCH4 ¼ 297K
are fed to the combustor though an oxidizer post maintaining a mean
Mach number of 0.265 at nominal operating conditions. The combus-
tor contains a linear array of nine equispaced oxidizer centered gas-gas
shear coaxial injectors located at the downstream end of the oxidizer
posts. Methane is introduced into the combustor through each of these
nine shear coaxial injectors while a choked inlet condition is main-
tained to ensure a steady flow rate of methane. Therefore, a non-
premixed turbulent jet flame is established at the exit of each injector.
The corresponding Reynolds number estimated at the injector exit is
#3.93$ 105.

The reactant flow rates were optimized to achieve an equivalence
ratio (/) of #1.24, representative of oxidizer-rich staged combustion
cycle based rocket engines. A mean pressure level (Pc) of#1.14MPa is
maintained over the course of a test. The combustor walls are coated
with a protective layer of thermal barrier coating to minimize the wall
heat loss during the test interval. The cumulative mass flow rate of oxi-
dizer ( _mO2 ) is 0.71 kg/s, while the mass flow rate of methane ( _mCH4 ) is
maintained at 0.22 kg/s. The uncertainty in the reactant mass flow
rates was% 1% with a 95% confidence interval.

The geometry and operating conditions were optimized to excite
only the transverse acoustic modes with a fundamental mode

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 034107 (2022); doi: 10.1063/5.0080874 34, 034107-2

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


frequency (f1T) of 2650Hz in the combustor. A nozzle at the end of
the converging section ensured a choked boundary condition at the
exit of the combustor, thus isolating the acoustic wave propagation to
the main combustion chamber and injector manifolds. A test run pro-
viding approximately 1 s of steady inflow provides sufficient time to
acquire data exhibiting transition to thermoacoustic instability at the
frequencies of interest with negligible effects of heat loss. A summary
of operating conditions relevant to the current work is provided in
Table. I.

In this study, we are interested in the flame dynamics near the
wall, where the acoustic pressure and heat release rate oscillations are
the highest.38 As a result, we analyze the methylidyne (CH!) intensity
oscillations emanating from the two turbulent jet flames located
toward one end of the combustor through an optically accessible win-
dow. We acquire the acoustic pressure oscillations (using piezoresistive
Kulite WCT-312M sensor) at the right-side end wall at a rate of
250 kHz. The pressure sensors are mounted in a recessed Helmholtz
cavity to provide thermal isolation from the hot combustion gases.
This installation enables accurate measurement of dynamic pressure
fluctuations in the chamber while reducing the thermal load on the
sensor element.39

Currently, it is impractical to derive the heat release rate measure-
ments directly from experiments performed at elevated pressures due
to the dependence of chemiluminescent emission on the pressure,
strain rate, and turbulence level.40,41 Therefore, chemiluminescence
emission of short-lived species, such as methylidyne (CH!) and
hydroxyl (OH!), can be used as an indirect measure of the heat release
rate.41

In this work, without modeling the flame dynamics in the turbu-
lent flow-field, we rely on the intensity oscillations acquired from CH!

chemiluminescence to study the coherence in the jet flame dynamics.
The CH! chemiluminescence images, focused on the optically accessi-
ble window located near the end wall, are acquired at a rate of 100 kHz
simultaneously with pressure measurements. An optical filter
(Semrock 434/14 Brightline Bandpass) of 4346 14nm bandwidth iso-
lated CH! emissions from the overall luminosity. The emissions are
collected through a 200mm focal length, f/4.0 objective (Nikon AF
Micro NIKKOR) and intensified by a Lambert HiCATT 25 intensifier
with a 1:1 relay lens. The images are recorded using a Phantom v2512
high speed CMOS camera with a pixel density of 0.214mm/pixel, ren-
dering a spatial resolution of 126 px$ 78 px. More detailed descrip-
tions of the geometry of this experimental setup, the operating
conditions, the measurement techniques, and associated uncertainties
can be found in previous works.42–44

III. METHODOLOGY OF NETWORK CONSTRUCTION
In this study, each spatial location (i.e., each pixel) in the region

of interest is considered as a node. The interactions between any two
nodes are captured by the links connecting them. To quantify the
interaction between two such nodes, various measures, such as

FIG. 1. Schematic of the model multi-element rocket combustor along with the representative CH! chemiluminescence image obtained from the optically accessible window
located near the end wall.

TABLE I. Summary of the operating conditions.

_mO2 _mCH4 / Pc TO2 TCH4 f1T
(kg/s) (kg/s) (–) (MPa) (K) (K) (Hz)

0.71 0.22 1.24 1.14 620 297 2650
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Pearson correlation, average mutual information, and event synchro-
nization between two time series, have been used to construct relevant
spatial networks.22

Here, we construct weighted networks based on the Pearson cor-
relation [Eq. (1)] between the time series of intensity fluctuations
obtained from the CH! chemiluminescence images acquired from the
combustor as indicated in Fig. 1. Pearson correlation (Rp) is a linear
measure computed between two time series. A positive Rp suggests
that the two time series increase and decrease together, whereas a neg-
ative Rp indicates that one time series increases while the other
decreases and vice versa. The case of Rp¼ 0 means that there is no lin-
ear relationship between the two time series over the time interval con-
sidered. In Eq. (1), xti and xtj are the elements of the two time series at
their corresponding grid points, whose arithmetic mean is given by xi
and xj , respectively,

Rpði; jÞ ¼

Xn

t¼1
xti ( xi
! "

xtj ( xj
# $

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn

t¼1
xti ( xi
! "2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xt

i¼1
xtj ( xj
# $2

s : (1)

Here, n is the total number of time instants used to evaluate the
time-averaged correlation (Rp). We have a total of N¼ 9828
(126 px$ 78 px) nodes with i; j 2 ½0;N*. We compute the pairwise
correlation values (Rp) for all the nodes and encapsulate this informa-
tion in a correlation matrix of size N$N. Then, we construct posi-
tively (Rp > 0) and negatively (Rp < 0) correlated weighted networks
from the correlation matrix made up of Rp for all pairwise combina-
tions of the available spatial locations. For the positively correlated
network, we set all negative correlation coefficients to zero. While ana-
lyzing the negatively correlated network, we set all positive correlation
coefficients to zero and then take the absolute value of the correlation
matrix to obtain the negatively correlated network. Then, we can pro-
ceed to set the appropriate positive threshold (e) to disregard weaker
correlations and build the relevant adjacency matrix. The rationale
behind the selection of e followed in this study is described in Sec. VB.

The adjacency matrix, Aij (N$N) encodes the connections
between all the grid points in the network. Two nodes, i and j, are con-
nected, and Rpði; jÞ is assigned as the corresponding weight (Wij) of
their link, only when Rpði; jÞ exceeds a predefined threshold, e. The
positively (Aþij ) and negatively (A(ij ) correlated adjacency matrices are
generated following Eq. (2). We do not consider self-connections ren-
dering Aii¼ 0. In this manner, we construct a spatial network for each
of the dynamical states observed in the combustor

Aþij ¼
Wij ¼ Rpði; jÞ; if Rpði; jÞ , e;

Wij ¼ 0; otherwise;

(
(2.1)

A(ij ¼
Wij ¼ (Rpði; jÞ; if ( Rpði; jÞ , e;

Wij ¼ 0; otherwise:

(
(2.2)

IV. NETWORK MEASURES TO QUANTIFY THE SPATIAL
DYNAMICS FOR EACH DYNAMICAL STATE

We use network measures, such as degree, node strength, and
average nearest neighbors’ degree, to compare the topology of net-
works for each dynamical state. The degree, ki [Eq. (3)], quantifies the

number of grid points (nodes) connected to a particular grid point i in
the network21

ki ¼
XN

j¼1
nnzðAijÞ: (3)

Here, the nnz function counts the number of non-zero elements pre-
sent in each row in the adjacency matrix. The degree distribution, P(k)
vs k, represents the probability that a node in a network has degree k.
If nk represents the number of nodes having degree k, P(k) is defined
as PðkÞ ¼ nk=N .

The node strength si for node i captures the sum of the weights of
all its links

si ¼
X

j2N
Wij: (4)

Both ki and si quantify the relative importance of node i in the net-
work. However, s distinguishes nodes based on the weight of the links,
rather than on the number of links.

The behavior of a node can be significantly influenced by its spa-
tial location. The interactions among neighboring nodes result in
degree correlations in the network. To probe the presence of degree
correlations, it is important to analyze the neighbors of a node. We
quantify the effect of neighboring nodes by the average degree of the
nearest neighbors45 of node i, which is evaluated as

knn;i ¼
1
ki

X

j2!ðiÞ
kj: (5)

Here, !i covers only the nearest neighbors (nn) of node i. Then, the
degree correlation function (knnðkÞ) is evaluated from knn as

knnðkÞ ¼
X

k0
k0Pðk0jkÞ; (6)

where Pðk0jkÞ is the conditional probability that a k-degree node is
connected to a k0-degree node.21 Thus, knnðkÞ is the average degree of
the neighbors of all k-degree nodes.

The variation of knnðkÞ with k unearths correlations between the
neighbors.46 An increasing trend of knnðkÞ is termed as assortative and
suggests that high degree nodes tend to be surrounded by other high
degree nodes. In simple words, it quantifies the “rich gets richer”
effect.21 In contrast, a decreasing trend is termed as disassortative.21

Networks exhibiting no clear distinguishable trend in the distribution
of knnðkÞ are called neutral networks.21 Using the aforementioned
measures, we characterize the spatial weighted positively and nega-
tively correlated networks during the transition to thermoacoustic
instability.

V. RESULTS AND DISCUSSION
Before constructing and analyzing the weighted correlation net-

works, we briefly discuss different dynamical states occurring in the
combustor. In Fig. 2, we plot the time series of pressure measured at
the end wall of the combustor along with its scalogram encoding the
time-frequency behavior. In total, we observe two dynamical states:
intermittency followed by thermoacoustic instability. Thermoacoustic
instability is characterized by large amplitude periodic oscillations. In
the scalogram, we observe multiple transverse acoustic frequencies
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excited during thermoacoustic instability. However, the dominant fre-
quency of the oscillations at the end wall corresponds to the first trans-
verse mode (1T mode at #2650Hz). On the other hand,
intermittency is featured by bursts of large amplitude periodic oscilla-
tions occurring amid low amplitude aperiodic oscillations.43,47 The
aperiodic and periodic epochs during intermittency can be clearly dis-
tinguished in the scalogram. A detailed analysis of the temporal varia-
tion of acoustic pressure using tools from the dynamical systems
theory is present in our earlier work.43

During the periodic epochs of intermittency and thermoacoustic
instability, we also observe a shock wave propagating in the transverse
direction (i.e., perpendicular to the main flow direction) in the com-
bustor. The speed of the shock wave matches closely with the charac-
teristic transverse acoustic timescale (1T mode) of the combustor. The
passage of this shock wave imparts a transverse displacement on each
of the jet flames. In turn, a periodic steepened waveform43 is engen-
dered in the pressure and local flame intensity oscillations during
thermoacoustic instability. Next, we will describe the spatiotemporal
behavior of the jet flames observed during intermittency and thermo-
acoustic instability.

A. Flame dynamics during intermittency
and thermoacoustic instability

Due to the periodicity in the local intensity oscillations, it is
appropriate to understand the flame behavior during periodic epochs
of intermittency and thermoacoustic instability by adopting the
method of phase averaging.48 In this method, only the images pertain-
ing to a particular phase are averaged over the time interval of interest.
We cannot apply phase averaging during the stable state and for aperi-
odic epochs of intermittency, since the phase for aperiodic oscillations
cannot be properly defined. Four phase-averaged CH! chemilumines-
cence images during the periodic epochs of intermittency and thermo-
acoustic instability in the combustor are shown in Fig. 3. Four phases

(A–D), indicated over the pressure waveform in Figs. 3(a) and 3(b),
are selected to describe the dynamic behavior of the jet flames during
their respective dynamical states.

During periodic epochs of intermittency [see Fig. 3(c)], the jet
flames continue to be distinguishable from each other, irrespective of the
phase. We observe that the jet flames during intermittency exhibit higher
intensities when the passage of the shock wave coincides with the peak
pressure (captured by phase at A), whereas the minimum flame intensity
coincides with the pressure minima (captured by phase at C) during
which the shock wave is far away the optical window. The images corre-
sponding to phases B and D show intermediate flame intensities.

However, during thermoacoustic instability [see Fig. 3(d)], we
observe significantly higher intensities coinciding with the local pres-
sure maxima (phase A). Equivalently, the intensities are at their lowest
during the pressure minima (phase C). Due to the large transverse
oscillations during this state, we observe that the jet cores are no more
intact, and the jet flames can no more be distinguished from their
neighbors. As the shock wave passes through the jet flame, it imparts a
large transverse displacement, substantially displaces the jet core, and
momentarily results in a spike in the local flame intensity. This spike
can be identified from the high intensities observed in the longitudinal
location, where the jet flames impinge on the end wall [phase A in
Fig. 3(d)]. After the shock wave passes through the jet flame, there is a
longer relaxation period (phases B–D). This longer interval allows the
fuel and oxidizer to mix and the jet core to regain its original shape.
Moreover, during thermoacoustic instability, the jet flames that are
compact near the injector spread out at the downstream locations. As
a result, the mixing of propellants is enhanced by the secondary flows
caused by vortical dissipation along the flame surfaces. Eventually, the
mixed propellants auto-ignite leading to higher flame intensities, well
downstream of the injector.44 The temporal and spatiotemporal cou-
pled interaction between the acoustic pressure oscillations and CH!

intensity oscillations for the test case described in this work is
described in detail by Kasthuri et al.38

FIG. 2. (a) Time series of the acoustic
pressure (p) along with its zoomed insets
during (I) aperiodic epoch of intermittency,
(II) periodic epoch of intermittency, and
(III) thermoacoustic instability. (b) The cor-
responding scalogram showing the
frequency-time behavior during the transi-
tion from intermittency to thermoacoustic
instability. Note that the abscissa is loga-
rithmically scaled.
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Next, we will evaluate the correlation between all the node pairs
and build suitable weighted networks to study the coherence in the
flame intensity oscillations recorded near the end wall of the
combustor.

B. Coherence in the flame intensity oscillations
The extent of coherence (or incoherence) present in the flame

intensity oscillations is quantified by the Pearson correlation [see Eq.
(1)]. It is necessary to know the range of correlation values computed
between the pairwise local intensity oscillations (i.e., node pairs) before
network construction. With this aim, the empirical probability distri-
bution of the correlation values, PðRpÞ, observed for each dynamical
state is presented in Fig. 4. During both the dynamical states, the range
of values spanning positive correlation is wider than that of negative
correlation. This observation suggests that most of the node pairs are
positively correlated in the dynamics of flame intensity oscillations.
The magnitude of the mean correlation increases from 0.25 during
intermittency to 0.46 during thermoacoustic instability.

The distribution of the correlation values changes its form from
a unimodal distribution (with peak Rp at 0.18) during intermittency to
a bimodal distribution during thermoacoustic instability. We obtain a
bimodal distribution (with two Rp peaks at 0.38 and 0.68) during
thermoacoustic instability since the jet flames respond both to the inci-
dent and reflected shock waves for each cycle.

Since the selection of a suitable correlation threshold is non-
trivial, we compute the positively and negatively correlated networks
for different correlation thresholds (e) to understand the varying levels
of coherence in the flame intensity oscillations.

Selecting e ¼ 0 would allow us to examine either the effect of all
positive or negative correlations for the positively or negatively corre-
lated networks, respectively. Successive increments in e would remove
the weak correlations and reveal the effect of strong correlations in the
dynamics of flame intensity oscillations in the combustor.

Next, we study the effect of short-range and long-range links on
the extent of positive and negative correlations. In Fig. 5, we show all
possible link weights (Wij) for each Euclidean distance of the link (Dij)

FIG. 3. Time series of acoustic pressure
during (a) intermittency (INT) and (b)
thermoacoustic instability (TAI). The four
phases (A–D) at which the CH! chemilu-
minescence images are averaged are
marked over the time series. The phase-
averaged images during (c) intermittency
and (d) thermoacoustic instability are
shown. The two jet flames visible through
the optically accessible windows are
marked in the phase averaged image (at
B) during intermittency.

FIG. 4. Empirical probability distribution of correlation values observed during inter-
mittency (INT) and thermoacoustic instability (TAI). The mean of the distribution
increases during the transition to thermoacoustic instability indicative of the emer-
gence of more coherent flame intensity oscillations.
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during each dynamical state for the positively and negatively correlated
networks. This plot reveals all the possibleWij for a givenDij. Hence,Wij

is multi-valued for a given Dij. At this point, we reiterate that there are
no self-connections, and therefore, for allDij¼ 0,Wij¼ 0.

At the outset, we observe that the distributions of Wij are similar
during both intermittency and thermoacoustic instability. From the
plots for the positively correlated network [Figs. 5(a) and 5(b)], we
observe that the highestWij belong to the links connecting the nearest
neighbors (i.e., the smallest Dij). The presence of high Wij at lower Dij

indicates strong local interactions resulting in higher correlation
among nodes over a neighborhood. Interestingly, during thermo-
acoustic instability, we observe high values ofWij that are greater than
0.8, even at larger Dij. This observation suggests the presence of long-
range widespread interactions among different local regions near the
end wall of the combustor.

In a similar manner, all possibleWij for eachDij for the negatively
correlated network corresponding to each dynamical state are plotted
in Figs. 5(c) and 5(d). Here, across both the dynamical states, we
observe that there are no connections to the nearest neighbors.
Possibly, the presence of convection in the flow induces only positive
correlations within the local neighborhood of a node. MaximumWij is
observed not in the local neighborhood of the nodes but for links hav-
ing intermediate Dij values. The absence of negative correlation in the
immediate neighborhood of a node suggests that convection induces
only positive correlations. This reveals a fundamental difference in the
connectivity of the positively and negatively correlated spatial net-
works. Hereon, we will discuss the distribution of network measures
for each dynamical state observed in the combustor.

1. Positively correlated networks

We begin by analyzing the positively correlated networks of the
flame intensity oscillations near the end wall of the combustor during
the dynamical states of intermittency and thermoacoustic instability.
We show the spatial distributions of degree (k) and node strength (s)
for different thresholds in Fig. 6.

For e ¼ 0, we observe that almost all nodes exhibit high k for
both intermittency and thermoacoustic instability due to the ubiqui-
tous presence of positive correlations across the window. Hence, both
intermittency and thermoacoustic instability display a similar k distri-
bution for e ¼ 0. On increasing e to 0.3, weaker correlations are cutoff
from the network, revealing regions with stronger interactions. From
the k distribution for intermittency, we observe a distinct pattern in
the location of nodes with high k. This pattern shows two distinct clus-
ters (found at y¼ 10–19mm and y¼ 20–34mm), which exhibit large
intensity oscillations during intermittency. These two longitudinal
locations correspond to the crests formed by the asymmetrically oscil-
lating jet flames, where heightened flame responses to the acoustic per-
turbations are recorded. We provide a detailed explanation of the
crests formed by the transverse oscillating jet flames in Appendix A.

During thermoacoustic instability, the nodes over the jet flame
closest to the end wall along with the aforementioned two clusters
exhibit high k. Due to the even larger transverse displacement of the
jet flames imparted by the high amplitude shock wave during thermo-
acoustic instability, the rightmost jet flame impinges with the end wall,
resulting in a spike in the local flame intensity. Thus, the nodes lying
over the entire jet flame closest to the end wall become highly corre-
lated and possess high k during thermoacoustic instability. For e
beyond 0, high k is observed only during thermoacoustic instability.
This difference in k distributions suggests that the majority of the
nodes are weakly and strongly coherent during intermittency and
thermoacoustic instability, respectively.

The corresponding s distributions show striking differences
between intermittency and thermoacoustic instability right from e ¼ 0.
We observe maximum s only during thermoacoustic instability.
Furthermore, the pattern of s is nearly the same as the corresponding
phase averaged image of CH! chemiluminescence observed at phase A
[see Fig. 3(c)]. Compared to the distribution of k for e¼ 0, which seems
to capture all the locations covered by the jet flames, the distribution
of s captures only the locations housing the highest flame intensity
oscillations near the end wall. For successive increments in e, the spatial
locations responsible for the highest flame intensity oscillations are
revealed. These spatial locations also happen to exhibit the highest
flame intensity oscillations.

In order to examine the size and strength of coherent clusters in
the positively correlated networks, we visualize the adjacency matrices
in Appendix B. Furthermore, we distinguish the connectivity of nodes
inside and outside a coherent cluster using a partial degree analysis
discussed in Appendix C.

2. Negatively correlated networks

Now, we study the effect of negative correlations found in the
flame intensity oscillations during intermittency and thermoacoustic
instability. Negatively correlated networks are constructed following
the methodology explained in Sec. III. The distribution of the network
measures in the negatively correlated networks enables us to quantify

FIG. 5. Link weight (Wij) vs the Euclidean link distance (Dij) as obtained for the pos-
itively correlated network during (a) intermittency (INT), (b) thermoacoustic instabil-
ity (TAI), and the negatively correlated network during (c) intermittency and (d)
thermoacoustic instability. Positively correlated networks have strong long-range
correlations, which are absent in negatively correlated networks.
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FIG. 6. The spatial distribution of degree (k) and node strength (s) for the positively correlated network during the dynamical states of intermittency (INT) and thermoacoustic
instability (TAI) for various correlation thresholds. The patterns in the distributions of k and s across different e reveal the locations exhibiting varying levels of coherent oscilla-
tions. Beyond e ¼ 0.5, no patterns are visible from the spatial distributions of k and s during intermittency.
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the extent of negative correlations in the flame intensity oscillations. In
turn, the regions exhibiting negative correlations might indicate local
regions, which serve as acoustic power sinks, inhibiting the growth of
thermoacoustic oscillations.

As seen in Fig. 4, the range of negative correlations is compara-
tively lower than the range of positive correlations. As a result, we
show the distribution of network measures only for e ¼ 0 in Fig. 7. For
both intermittency and thermoacoustic instability, we observe small
islands filled by nodes with high k. These small islands are surrounded
by nodes with low k. For both intermittency and thermoacoustic insta-
bility, we discern that the distributions of k and s are similar, even
using the lowest e ¼ 0. Furthermore, both network measures only
change slightly from intermittency to thermoacoustic instability. The
distributions for the negatively correlated networks perfectly comple-
ment their corresponding distributions from the positively correlated
networks. By this, we mean that nodes having low k (or s) in the posi-
tively correlated network have a high k (or s) and vice versa.

The variation of s is largely similar to that of k. This indicates that
the locations housing anti-correlated flame intensity oscillations inter-
act uniformly across the entire region. Hence, we conjecture that the
uniform nature of these incoherent flame intensity oscillations implies
that the oscillations are damped uniformly at these locations, whereas

coherent flame intensity oscillations are driven at specific spatial loca-
tions (clusters).

All these findings suggest that the spatiotemporal dynamics of
the flame intensity oscillations significantly change from intermittency
to thermoacoustic instability. Physically, the end wall of the combustor
houses the transverse acoustic pressure anti-node. The strong thermo-
acoustic coupling near the end wall results in higher flame intensities.
As a result, the driving of the 1T mode in the end wall region is higher,
leading to widespread coherent flame intensity oscillations during the
state of thermoacoustic instability.

Identifying the presence of clusters of coherent flame intensity
oscillations does not provide information on the source and pathways
underlining the mechanisms sustaining thermoacoustic instability.
However, enhanced information on the size and structure of such
coherent flame intensity oscillations would enable us to appropriately
design control solutions to disrupt the size, structure, and strong
coherence in the flame intensity oscillations.

C. Degree correlations and assortative mixing
in correlated flame intensity networks

Next, we plot the degree distribution (P(k) vs k) for all the posi-
tively and negatively correlated networks in Fig. 8. At the outset, we
notice that P(k) of the positively correlated networks constructed by
setting an e ¼ 0 for all dynamical states [Fig. 8(a)] exhibits an increas-
ing trend with k. This implies that there are a large number of spatial
locations in the end wall region, which are highly connected among
themselves during both intermittency and thermoacoustic instability.

For e > 0 [Figs. 8(b)–8(d)], we do not see any monotonic behav-
ior in the degree distribution of the positively correlated networks for
any dynamical state. We observe that the probability of finding a node
having low to intermediate values of k is similar for e ¼ 0.3 and 0.5.
However, the probability of obtaining a high k node increases for
thermoacoustic instability due to the widespread coherence in the
flame intensity oscillations. However, for the highest e of 0.7, this
probability decreases since the fraction of highly correlated node pairs
reduces.

Unlike the positively correlated networks, we obtain a decreasing
trend in P(k) for the negatively correlated networks [Fig. 8(e)] for e ¼ 0.
This decreasing trend suggests there exists only a few spatial locations in
the flow-field, wherein the flame intensity oscillations are highly nega-
tively correlated among themselves.

The stark differences in the degree distributions of positively and
negatively correlated networks motivate us to check the presence of
degree-degree correlations. We rely on the measures described in Sec. IV
to detect these correlations.

We plot the degree correlation function, knnðkÞ, against the
degree (k) for all the networks investigated in Figs. 9(a)–9(e). We
observe that knnðkÞ increases with k for both the dynamical states.
This trend confirms the presence of degree-degree correlations in the
networks, wherein connections are established between nodes of simi-
lar degrees. This phenomenon is known as assortative mixing in the
network theory.46

Specifically, the high degree nodes are preferentially connected
with other high degree nodes. Physically, the presence of assortative
mixing implies that regions with highly correlated intensity oscillations
tend to interact with other regions containing highly correlated inten-
sity oscillations.46 This leads to the formation of a core group (a cluster)

FIG. 7. The spatial distribution of degree (k) and node strength (s) for the nega-
tively correlated network during the different dynamical states for the various corre-
lation thresholds investigated. The sparse presence of negative correlations spread
over the spatial domain during different dynamical states is captured by the corre-
sponding distributions of k and s.
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FIG. 8. The degree distribution [P(k) vs k] for (a–d) the positively and (e) negatively correlated networks for each correlation threshold investigated. The degree distributions
are shown only for the thresholds investigated. The thresholds for which no patterns are visible in the spatial distributions are labeled non-applicable (NA).

FIG. 9. Log-log plot of the degree correlation function [knnðkÞ] and degree (k) for (a–d) the positively and (e) negatively correlated networks during intermittency (INT) and
thermoacoustic instability (TAI) for different thresholds considered. The increasing trend in the plots suggests the presence of assortative mixing in the positively correlated net-
works. The degree correlation exponent (l) and the goodness of the fit (R2) are indicated. The thresholds for which no patterns are visible in the spatial distributions are
labeled non-applicable (NA).
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in the network that acts as a “reservoir” for coherent flame intensity
oscillations. These reservoirs manifest in the form of clusters in the
spatial distributions of degree and node strength in the positively cor-
related networks. Near the end wall, we find one reservoir of coherent
flame intensity oscillations, which spans the majority of the window
(see Fig. 6).

To quantify the assortativity in the networks, one can check the
presence of a scaling relation21,49 between knnðkÞ and k such that
knnðkÞ # kl. In the log-log plot of knnðkÞ and k shown in Fig. 9, we
have fitted knnðkÞ as kl. All the fits are obtained by linear regression
characterized by a goodness of the fit (R2) >90%. We observe all the
networks have a l > 0, confirming the presence of assortativity. The
value of l ranging from 0.12 to 1.41 indicates the different assortative
nature in the networks examined in this study. In comparison, the
internet network, mobile phone call network, and science collabora-
tion network have l values of 0.56, 0.33, and 0.16, respectively.21 The
value of l > 1 is indicative of the stronger assortative nature in some
of the positively correlated networks.

The presence of assortativity in the networks indicates that any
node is most likely connected to other nodes with similar degree.
Newman46 reported that the removal of high degree nodes in an assor-
tatively mixed network is an inefficient way to destroy the network
connectivity considerably. Hence, we can hypothesize that any passive
control strategies targeting the regions with high k in this combustor
may be inefficient in suppressing thermoacoustic oscillations. Any suc-
cessful control action for suppressing the oscillations might warrant
overwhelming changes to the engine design and necessitate several
full-scale tests. However, dedicated experiments need to be performed
to verify this hypothesis.

Thus, utilizing positively and negatively correlated networks con-
structed for various correlation thresholds, we quantify the interac-
tions among the local flame intensity oscillations. We identify that
majority of the spatial locations are positively correlated as exemplified
by the correlation weights and network measures. Furthermore, we
find significant differences in the interactions and the network struc-
ture of positively and negatively correlated flame intensity networks.

VI. CONCLUSIONS
We have performed a weighted spatial network analysis of the

local flame intensity oscillations acquired from the CH! chemilumi-
nescence fields during the transition from intermittency to thermo-
acoustic instability in a multi-element 2D model rocket combustor.
The spatiotemporal dynamics has been studied near the end wall
region, where the flame intensity oscillations are the highest. Our anal-
ysis unraveled fundamental differences in the connectivity of positively
and negatively correlated spatial networks. The network measures
revealed the differences in the coherence in the flame intensity oscilla-
tions during intermittency and thermoacoustic instability. We identi-
fied that many spatial locations are populated by high degree and high
node strength during thermoacoustic instability, translating to highly
coherent flame intensity oscillations. Such network measures can be
valuable metrics for testing the validity of computational simulations.
Finally, we also discovered the presence of assortative mixing leading
to the formation of reservoirs of coherent flame intensities. To the best
of our knowledge, this is the first evidence of assortative mixing in tur-
bulent reactive flows.

Validation of computational simulations with experimental data,
especially for high-pressure and high power-density devices has tradi-
tionally been performed by comparing point measurements of pres-
sure (or other variables) measured in the experiment temporally. In
rocket combustors, where large optical access for high-speed imaging
or laser-based diagnostics is challenging, very few studies available in
the open literature have performed comparison of spatiotemporal
data.16,50–52 In these studies, path integrated chemiluminescence mea-
surements were compared with heat release rate from simulations
using direct comparison of broad coherent flow features derived from
time-averaged or phase-averaged images using broadband or filtered
chemiluminescence measurements. Additional comparison was also
performed by reconstructing and comparing prominent features in
the flow, sorted by the highest energy content using proper orthogonal
decomposition, using experimental and computational data. This
comparison provided valuable insight into the mechanisms promoting
combustion instability in the experiments, but the qualitative nature of
the comparison was insufficient for verification and validation of the
numerical results. Where more quantitative comparisons are available,
these are primarily made using temporal history of pressure measure-
ments with wall mounted sensors.53 The amplitudes of the experimen-
tally obtained pressure oscillations (and other directly measured
quantities from experiments) and their dominant frequencies are com-
pared with that of numerical simulations. Obtaining a match in only
these features might be inadequate and may not replicate or predict
the dynamics occurring in experiments correctly. The detailed features
of the spatiotemporal data obtained from experiments, albeit very use-
ful, are largely neglected in this validation process. We propose using
the spatial variation of network measures (degree and node strength)
along with their distributions on the data obtained from experiments
and matching numerical simulations to tighten the validation process.
Furthermore, the validation of simulations that aim to mimic the
experimental observations in a rocket or other high-power combustion
devices can be augmented by comparing the size, structure, and extent
of coherence in the flame intensity oscillations.
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APPENDIX A: JET FLAME RESPONSE TO TRANSVERSE
ACOUSTIC OSCILLATIONS ALONG THE LONGITUDINAL
DIRECTION

It is well-known from past studies that a flame in the presence
of transverse thermoacoustic oscillations responds differently than
that observed for the longitudinal oscillations.54 In this combustor,
the turbulent jet flames are largely in the longitudinal direction and
are susceptible to transverse velocity perturbations whenever an
acoustic wave passes through them. Hence, it is interesting to exam-
ine the response of the flames to self-excited transverse oscillations
in the longitudinal direction.

Across the width of the jet flame, a varicose or sinuous mode
of the jet flame would exhibit in-phase or out-of-phase oscillations,

respectively, in the flame intensity fluctuations obtained from both
halves of the jet flame. In this study, we found that each jet flame
exhibits sinuous oscillations. When we select the entire width of the
jet flame for the local flame intensity calculations, we were not able
to make this distinction in the oscillatory motion of the flame due
to superposition effects along both halves of the jet flame. Hence,

FIG. 10. The selected portion of the jet flame (i.e., half of the width of the jet flame)
overlaid on the representative CH! chemiluminescence image obtained from the
end wall window.

FIG. 11. The flame response along the longitudinal direction characterized by the
amplitude of the dominant mode of the oscillations of pixel intensities summed
across the transverse direction for the half width of the left flame (AF1r) and the
right flame (AF2r). The crests and troughs in the flame response are indicated with
C and T, respectively.

FIG. 12. Visualization of the adjacency matrix for the positively correlated networks during intermittency (INT) and thermoacoustic instability (TAI) for different thresholds con-
sidered. Large weights among neighboring nodes are indicative of the presence of clusters.
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we selected just a half of the jet flame (see Fig. 10) to detect the type
of vortex shedding (sinuous or varicose) exhibited by the flame
front. The time series of the local flame intensity fluctuations is
obtained by summing up the flame intensities at each pixel across
half-width of the jet flame for the right half of left jet flame (AF1r)
and right half of right jet flame (AF2r) as shown in Fig. 10.

In Fig. 11, we plot the variation of the amplitude of the
dominant mode of the local flame intensity oscillations obtained from
the half-width of the flame in the longitudinal direction (see Fig. 10).

From Fig. 11, we observe that the spectral amplitude of the dominant
mode through FFT of such local flame intensity fluctuations shows
oscillatory response with the presence of multiple crests (C) and
troughs (T) along the flame length. Such an oscillatory response of the
flame is a combined result of the globally unstable nature of the pre-
heated reacting flow-field13,55 in the presence of a transverse acoustic
field in the combustor. Near the injector, the flame response is con-
trolled by flame anchoring while at the downstream locations, the
flame response is largely controlled by the dissipation of vortical

FIG. 13. Spatial distribution of the partial degree (kpartial) evaluated for the connections originating from the nodes located inside (a) box 1 and (b) box 2 for the positively corre-
lated networks during intermittency (INT) and thermoacoustic instability (TAI) for different thresholds considered. Boxes 1 and 2 are chosen to be representative of an incoher-
ent and coherent region in the flow field, respectively.
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disturbances and other secondary flows along the boundary of the
flame surfaces.56 Thus, each flame exhibits varying dominant ampli-
tudes along its length.

We notice a similar response for the AF1r and AF2r jet flames
with two crests. The first crest in the flame responses occurs around
14mm downstream of the injector head. In addition to the flame
anchoring effects, the flame response at this location is supple-
mented from the strong interactions from the transverse acoustic
wave and the neighboring sides of the flames through merging
effects and the resulting impingement with the wall. The flame that
is compact near the injector spreads out at the downstream loca-
tions. This leads to enhanced mixing and subsequently higher
flame intensities. Conversely, the second crest around 32mm down-
stream of the injector is a consequence of the secondary flows
caused by vortical dissipation along the flame surfaces leading to
better mixing and autoignition of propellants.57 Downstream of the
second crest, boundary effects of the converging nozzle section
dominate.58 Thus, the response of the flame to transverse acoustic
perturbations is non-uniform along the longitudinal direction of
the combustor.

APPENDIX B: VISUALIZATION OF ADJACENCY
MATRIX

We visualize the corresponding adjacency matrices (of size
N $ N ¼ 9828$ 9828) for the positively correlated networks dur-
ing intermittency and thermoacoustic instability in Fig. 12.
Throughout all the adjacency matrices, we can observe the strong
linkages among the neighboring nodes identified by the spots carry-
ing high weights. The weights of these spots increase during the
transition from intermittency to thermoacoustic instability. The size
and color of these characteristic spots depict the extent of coherence
in the clusters identified in the spatial distributions (Fig. 6).

APPENDIX C: PARTIAL DEGREE ANALYSIS
In order to demonstrate the enhanced connectivity of nodes

belonging to a coherent cluster, we repeat the network analysis for
small localized regions in the flow-field. Only the connections from
the localized region (boxes 1 and 2) are considered. Boxes 1 and 2
are chosen to be representative of incoherent and coherent regions,
respectively. The size of the box is chosen to approximately span
the width of one of the jet flames in the window. Then, we evaluated
the partial degree, i.e., the number links connected to the selected
region housing a small fraction of nodes in the entire network.

In Fig. 13, we show the obtained partial degree distribution
(kpartial) for the connections emerging from two boxes (boxes 1 and
2) from the positively correlated networks constructed during inter-
mittency and thermoacoustic instability. For e ¼ 0, all the distribu-
tions of kpartial are nearly similar. However, upon increasing the e to
0.3 and above, we observe that only the distributions of kpartial asso-
ciated with box 2 show a large number of connections. This analysis
is further proof of the box 2 region belonging to a coherent cluster,
whereas box 1 belongs to an incoherent region. In summary, the
chosen two boxes demonstrate the presence (or lack of) of strong
clustering behavior and widespread connectivity due to high (or
low) coherence in the flame intensity oscillations.
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