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MAIN TOPIC

Nonlinear analysis of complex phenomena
in cardiological data

Nichtlineare Analyse komplexer Phänomene
in kardiologischen Datenreihen
Zusammenfassung Das Hauptanliegen dieses Beitrages ist es, verschiedene Ansätze in der Herzfrequenz- und Blutdruckvariabilität zu diskutieren
und damit das Verständnis der kardiovaskulären Regulation zu verbessern.
Wir betrachten Komplexitätsmaße basierend auf der symbolischen Dynamik, die renormierte Entropie und die ,finite-time‘ Wachstumsraten. Weiterhin werden die duale Sequenzmethode zur Bestimmung der Baroreflexsensitivität sowie die Maximalkorrelationsmethode zur Schätzung der nichtlinearen Kopplung in bivariaten Daten vorgestellt. Letztere stellt eine
geeignete Methode zur Bestimmung der Kopplungsstärke und –richtung
dar. Herzfrequenz- und Blutdruckvariabilitätsdaten einer klinischen Pilotstudie und einer großangelegten klinischen Studie werden analysiert. Wir demonstrieren in diesem Beitrag, dass Methoden der nichtlinearen Dynamik
nützlich sind für die Risikostratifizierung nach Herzinfarkt, für die Vorhersage von lebensbedrohlichen Rhythmusstörungen sowie für die Modellierung der Herzfrequenz- und Blutdruckregulation. Diese Ergebnisse könnten
in der klinischen Diagnostik sowie für therapeutische und präventive
Zwecke von implantierbaren Defibrillatoren der nächsten Generation von
Bedeutung sein.
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Summary The main intention of this contribution is to discuss different
nonlinear approaches to heart rate and blood pressure variability analysis
for a better understanding of the cardiovascular regulation. We investigate
measures of complexity which are based on symbolic dynamics, renormalised entropy and the finite time growth rates. The dual sequence method to
estimate the baroreflex sensitivity and the maximal correlation method to
estimate the nonlinear coupling between time series are employed for analysing bivariate data. The latter appears to be a suitable method to estimate
the strength of the nonlinear coupling and the coupling direction. Heart rate
and blood pressure data from clinical pilot studies and from very large clinical studies are analysed. We demonstrate that parameters from nonlinear
dynamics are useful for risk stratification after myocardial infarction, for
the prediction of life-threatening cardiac events even in short time series,
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and for modelling the relationship between heart rate and blood pressure
regulation. These findings could be of importance for clinical diagnostics,
in algorithms for risk stratification, and for therapeutic and preventive tools
of next generation implantable cardioverter defibrillators.
Key words Heart rate variability – blood pressure variability – baroreflex
– nonlinear coupling – nonlinear dynamics – implantable defibrillator

Introduction
Annually, in the United States approximately 400 000 people die due
to sudden cardiac death (4, 11).
Therefore, an accurate and reliable
identification of patients who are at
high risk of sudden cardiac death is
an important and challenging problem. Heart rate variability (HRV)
parameters, calculated from the time
series of the beat-to-beat-intervals,
have been used to predict the mortality risk in patients with structural
heart diseases (26, 57). We have recently demonstrated that a multivariate approach with HRV parameters
including nonlinear methods as well
as the combination of HRV measures with clinical parameters like
the ejection fraction, the complexity
of ventricular arrhythmias or the
signal-averaged electrocardiogram
significantly improves the results of
risk stratification (59).
Physiological data very often
show complex structures which cannot be interpreted immediately. The
data we are analysing here are
mainly heart rate and blood pressure
variability (BPV) time series. Our
main intention in this contribution is
to discuss different approaches to
obtain a better understanding of the
underlying processes. In former
studies on the one hand linear data
analysis, especially correlation and
spectral analysis (21), and on the
other hand well-known nonlinear
parameters, like correlation dimension or Lyapunov exponents, were
used (2, 3, 17, 18, 27, 33). Among
the variety of nonlinear approaches
there are only a few studies which
assess the clinical usefulness of nonlinear measures for high risk stratification based on heart rate or blood

pressure variability analysis (25, 32,
35, 59, 60). No extensive prospective study has been performed to
show the efficacy of these methods.
The disadvantage of the linear
parameters is the limited information about the underlying complex
system, whereas the nonlinear description suffers from the curse of
dimensionality. Mostly, there are not
enough points in the (often non-stationary) time series to reliably estimate these nonlinear measures.
Therefore, we favour the measures
of complexity which characterise
quantitatively the dynamics even in
rather short time series (30, 59, 60,
68). The measures of complexity we
are using in this paper are based on
symbolic dynamics, renormalised
entropy and the finite time growth
rates. Another main point in this
contribution are methods to analyse
bivariate data. We describe the dual
sequence method to estimate the
baroreflex sensitivity and the maximal correlation method to measure
the coupling between time series. A
further interesting field are synchronous effects like cardiorespiratory
control (24, 52). The application of
new sophisticated synchronisation
methods (23, 50, 52, 55) seems to
be very promising to the heart rate
and blood pressure variability data
sets, but this is beyond the scope of
this paper.
The analysis of heart rate or
blood pressure variability (BPV) is
often difficult due to excessive artefacts and arrhythmias. While occasional ectopic beats are treated successfully by most preprocessing
methods, more complex arrhythmias
or arrhythmias which are similar to
normal HRV fluctuations may remain untreated. Therefore, prepro-

cessing of the data is presented
comprehensively.
The paper is organised as follows. In the Data processing section
we describe the preprocessing procedure. In section Methods we present parameters from nonlinear data
analysis based on symbolic dynamics, renormalised entropy and finite-time growth rates. Additionally,
the dual sequence analysis of the
spontaneous baroreflex and the concept of maximal correlation are introduced, followed by the results of
the data analyses and a discussion
of our results.

Data preprocessing
The main objective in the analysis
of heart rate and blood pressure is
to investigate the behaviour of the
cardiovascular system. Therefore, it
is necessary to exclude not only artefacts (e.g. double recognition, i.e.
R-peak and T-wave recognised as
two beats) but also beats not coming
from the sinus node of the heart
(ventricular premature complexes –
VPC). VPCs are not controlled by
the autonomous nervous system
and, thus, they are not part of the
autonomous regulation. Practically,
this exclusion means a filtering of
the time series. In this paper the
original time series are denoted as
the RR-series (derived from the RRintervals) and the filtered time series
as NN-series (normal-to-normalbeat-interval).
VPCs in the tachogram are usually characterised by a very short interval followed by a very long RRinterval (ventricular premature beat)
or, respectively, only by a very short
interval (superventricular premature
beat). The 20% filter (19, 26, 72)
considers these facts; if the current
value of the tachogram differs more
than 20% from its predecessor the
current value and its successor are
marked as not normal. The advantage of this filter is the very simple
rule; however, the disadvantages are
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rarely considered. VPCs with less
than 20% difference are not removed from the series and may falsify almost all HRV or BPV parameters. The RR-intervals recognised as
not normal are treated in different
ways: either they are simply removed from the series or linear or
spline interpolated (5, 31). The disadvantage of simply removing the
beats is the loss of time dependence.
Interpolating linearly may lead to
false decreased variabilities, interpolating with splines often fails in
time series with many VPCs.
In the following a new adaptive
filtering algorithm is presented which
is based on the idea of the interval filter described in Wessel et al. (67).
The new filtering algorithm consists
of three sub-procedures: (i) the removal of obvious recognition errors,
(ii) the adaptive percent-filter, and
(iii) the adaptive controlling filter.

la n :
la n ÿ 1 ÿ c la n ÿ 1 ÿ tnÿ1 
q
ra n : la n2 ÿ ka n

2
3

where c is a controlling coefficient
c ∈ [0,1] and ka (n) is the adaptive
second moment
ka n : ka n ÿ 1
ÿ c ka n ÿ 1 ÿ tnÿ1  tnÿ1 

4

The exclusion rule of this filter
reads as follows: the RR-interval xn
is classified as not normal, if
p
jxn ÿ xnÿ1 j >
xnÿ1
100
a and
 cf  r
5
p
a
jxn ÿ xlv j >
xlv  cf  r
100
where p is a proportional limit (here
a is a generalised 3r10%), cf  r
• Obvious misrecognitions are RR- rule, xlv is the last valid RR-interval
intervals of length zero, beat-to-beat and r
a is the averaged ra. Values
intervals less than 200 ms (human recognised as not normal are rerefractory time) and pauses, i.e. placed with a random number from
when the heart does not pump for a l n ÿ 1 ra n; l n  1 ra n to
a
a
2
2
certain time. These pauses were avoid false
decreased variabilities.
evaluated with every clinical Holter • Finally, as a precaution, the adapsystem; therefore, we do not consid- tive controlling procedure follows.
er them.
From the resulting time series
• The adaptive filtering procedure x% ; x% ; x% ; . . . of the adaptive per1
2
3
was developed based on the adap- cent-filter,
the binomial filtered setive mean value la and the adaptive ries and the respective adaptive
standard deviation ra. Firstly, to es- mean value and standard deviation
timate the basic variability in the se- are again calculated. The value x%
ries a binomial-7-filtered series is is considered to be not normal if n
calculated. Given the tachogram x1,
x%
x2, . . . , xN, the binomial filtered sen ÿ la n > cf1  ra n  rb ;
ries is given by
6
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are replaced with the respective values of the binomial filtered series.
The advantage of this adaptive
filtering procedure is the spontaneous adaptation of the filter coefficients due to sudden changes in the
series (e.g. sudden heart rate increase).

Methods
In this section methods of nonlinear
data analysis are presented. The
subsections A–C refer to univariate
data records, whereas D and E are
about bivariate data analysis.
Symbolic dynamics

Symbolic dynamics was introduced,
as far as we know, as early as Hadamard’s (20) ideas to analyse complicated systems in 1898. An important
point of this work was a simple description of the possible sequences
that can arise in geodesic flows on
surfaces of negative curvature. He
introduced a finite set of forbidden
symbol pairs and defined possible
sequences as those that do not contain any forbidden symbol pair.
Later on, Hedlund and Morse (40,
41) used this method to prove the
existence of periodic and other dynamics in different classical dynamical systems. They showed that in
many circumstances a finite description of a system’s dynamics is possible. Symbolic dynamics today represents a rapidly growing and essential part of dynamical systems
analysis and its application to phyxnÿ3  6xnÿ2  15xnÿ1  20xn  15xn1  6xn2  xn3
siology
(7, 8, 14, 30, 60, 44, 47, 48,
1
tn 
64
70).
Heart rate and blood pressure
The filtered series t1, t2, . . . , tN re- where cf1 is the filter coefficient variability reflect the complex interflects the global behaviour of sinus (here cf1 = 3.0) and rb stands for a actions of many different control
node activity without the influence basic variability (for HRV here loops of the cardiovascular system.
of artefacts and VPCs. The adaptive rb = 20 ms). This basic variability rb In relation to the complexity of the
mean value la and the adaptive was introduced to reduce filtering sinus node activity modulation sysstandard deviation ra of the bino- errors for time series with low varia- tem, a more predominantly nonmial filtered series t1, t2, . . . , tN are bility (near the accuracy of RR-in- linear behaviour has to be assumed.
terval detection). Not normal values Thus, the detailed description and
defined as:
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Fig. 1 The procedure of data preprocessing.
From the original time series (a) a binomial
filtered time series (b) is calculated to estimate the basic variability (compare Eq. (1)).
From the filtered time series (b) the adaptive
mean value (c) and the adaptive standard deviation (d) are estimated to quantify local
changes in variability (compare Eqs. (2) and
(3)). With the exclusion rule given in Eq. (5)
based on proportional deviations from predecessors many VPCs and artefacts can be removed from the original time series (e). Finally, using the adaptive controlling procedure from Eq. (6) almost all remaining disturbances can be eliminated (f)
Abb. 1 Die Datenvorverarbeitung. Von der
originalen Zeitreihe (a) wird eine binomialgefilterte Reihe (b) zur Bestimmung der Grundvariabilität berechnet (vgl. Formel (1)). Von
der gefilterten Zeitreihe (b) wird der adaptive
Mittelwert (c) und die adaptive Standardabweichung (d) zur Quantifizierung von lokalen
Variabilitätsveränderungen bestimmt (vgl.
Formeln (2) und (3)). Mit der Ausschlussregel, welche in Formel (5) gegeben ist und
welche auf prozentualen Abweichungen vom
Vorgänger basiert, können viele Extrasystolen
und Artefakte beseitigt werden (e). Abschließend, unter Benutzung des adaptiven Kontrollfilters aus Formel (6) können nahezu alle
restlichen Störungen beseitigt werden (f)

classification of dynamic changes
using time and frequency measures
is often not sufficient. Therefore, we
have introduced new methods of
nonlinear dynamics derived from
the symbolic dynamics to distinguish between different states of the
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autonomic interactions (30, 60). The
first step of this approach is the
transformation of the time series
into symbol sequences with symbols
from a given alphabet. Some detailed information is lost in this process, but the coarse dynamic behaviour can be analysed. Wackerbauer
et al. (65) used the methodology of
symbolic dynamics for the analysis
of the logistic map where a generic
partition is known. However, for
physiological time series analysis a
more pragmatic approach is necessary. The transformations into symbols have to be chosen on a context-dependent basis. For this reason, we developed measures of
complexity on the basis of such
context-dependent transformations,
which have a close connection to
physiological phenomena and are
relatively easy to interpret.
Comparing different kinds of
symbol transformations, we found
that the use of four symbols, as explained in Eq. (7), was appropriate
for our purpose.
The time series x1, x2, x3, . . . , xN is
transformed into the symbol sequence s1, s2, s3, . . . , sN, si ∈ A on the
basis of the alphabet A= {0,1,2,3}.
The transformation into symbols refers to three given levels where l
denotes the mean beat-to-beat interval and a is a special parameter that
we have chosen 0.05; we tested several values of a from 0.05 to 0.08,
but the resulting symbol sequences
did not significantly differ (see
Fig. 2),
8
0:
>
>
<
1:
si xi  
>2 :
>
:
3:

l
1  al
1 ÿ al
0

< xi
< xi
< xi
< xi


<



There are several quantities that
characterise such symbol strings.
We analyse the frequency distribution of words of length 3, i.e. substrings which consist of three adjacent symbols leading to a maximum
64 different words (bins). This is a

compromise between retaining important dynamical information and
of having robust statistics to estimate the probability distribution
(compare Fig. 2).
We consider 3 measures of complexity:
• The Shannon entropy Hk calculated from the distribution p of
words is the classic measure for the
complexity in time series:
X
Hk  ÿ
p x log p x
x2W k ;p x>0

8
k

where W is the set of all words of
length k. Larger values of Shannon
entropy refer to higher complexity
in the corresponding tachograms
and lower values to lower ones.
• ‘Forbidden words’ in the distribution of words of length 3 are the
number of words which never (or
almost never) occur. A high number
of forbidden words reflects a rather
regular behaviour in the time series.
If the time series is highly complex
in the Shannonian sense, only a few
forbidden words are found.
• The parameter ‘plvar10’ characterising short phases of low variability
from successive symbols of another
simplified alphabet B, consisting
only of symbols ‘0’ and ‘1’. Here
‘0’ stands for a small difference between two successive RR-intervals
(the resolution of the defibrillators
used in this study), whereas ‘1’ represents cases when the difference
between two successive RR-inter1  al
1
where i  1; 2; 3; . . .
l
1 ÿ al

7

vals exceeds a certain limit, specifically
sn 


1:
0:

jxn ÿ xnÿ1 j  10 ms
jxn ÿ xnÿ1 j < 10 ms
9
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Fig. 2 Symbolic dynamics – the dependence on controlling parameter a (see Eq. 7). On the left side the original tachograms (notations
AS, AW, HV, NW) are presented followed by the respective word distributions for controlling parameters a equal to 0.05, 0.06 and 0.08
Abb. 2 Symbolische Dynamik – die Abhängigkeit vom Kontrollparameter a (vgl. Formel 7). Links sind die Originaltachogramme (Bezeichnungen AS, AW, HV, NW) dargestellt, gefolgt von den dazugehörigen Wortverteilungen für den Parameter a gleich 0,05, 0,06 und 0,08

Words consisting of unique types of
symbols (either all ‘0’ or all ‘1’)
were counted. To obtain a statistically robust estimate of the word
distribution, we chose words of
length six, defining a maximum of
64 different words. ‘Plvar10’ represents the probability of the word
‘000000’ occurrence and thus detects even intermittently decreased
HRV.
Renormalised entropy
Another nonlinear method which
might be capable of assessing complex properties of cardiac periodograms is the ‘renormalised entropy.’
The basic idea is to determine the
complexity of cardiac periodograms
based on a fixed reference. Based
on general considerations in thermodynamics, Klimontovich suggested
comparing the relative degree of order of two different distributions by
renormalising the reference distribu-

tion to a given energy. Saparin (51)
proposed a procedure for calculating
this quantity from time series and
applied it to the logistic map. Applications of renormalised entropy to
physiological data were previously
introduced (28, 30, 60, 67). As the
application to heart rate data method
suffers from potential lack of reproducibility, another method for the
computation of renormalised entropy REAR based on an autoregressive
spectral estimation has been recently
developed (66).
To compare the relative degree of
order of two different distributions,
the reference distribution is renormalised to a given energy. The complexity of any distribution in relation to a fixed reference distribution
is estimated by solving an integral
equation. Considering two tachograms (time series of beat-to-beat
intervals) with the density distribution estimates f0 x and f1 x and
using the estimate f0 x as a reference, the renormalised density dis-

tribution f0 x of f0 x is defined
as:
f0 xT
f0 x : R
f0 xT dx

10

where T is the solution of the integral equation
Z

ln f0 x f0 xÿf1 x dx  0
11
The solution of Eq. (11) has to be
determined numerically. The renormalised entropy RE of the distribution f1 x is defined by the following interchanging algorithm, where
S f x is the Shannon entropy of
distribution f x, that is
Z
S f x  ÿ f x  ln f xdx
12
Procedure:
• Calculate D1  S f1 x
ÿS f0 x with the distribution
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Fig. 3 The estimation of the tachogram distribution is the basis for calculating renormalised
entropy. Here, the autoregressive spectral distribution (dotted) together with the calibration peak
at 0.4 Hz was used. Given a fixed reference distribution, the complexity of all distributions which
should be analysed will be determined relative to this reference
Abb. 3 Die Schätzung der Tachogrammverteilung dient als Grundlage zur Berechnung der
renormierten Entropie. Hier wurde eine autoregressive Spektralschätzung (gepunktet) unter Einsatz eines Kalibrierungssignals bei 0,4 Hz benutzt. Ist eine Referenzverteilung festgelegt, so wird
die Komplexität jeder zu untersuchenden Verteilung relativ zu dieser Referenz bestimmt

as the reference (f0 x is renormalised). The value of T is denoted T1 = T.
• Calculate D2  S f0 x
ÿS f1 x with the distribution
f1 x as the reference (f1 x is renormalised). The resulting T value is denoted T2 = T.
• If T1 > T2, the distribution f0 x is
found to be the more disordered
one (in the sense of renormalised
entropy – i.s.r.e.) and the renormalised entropy RE is defined as
RE = D1. Otherwise (T1 < T2) f1 x
is the more disordered distribution (i.s.r.e.) and the renormalised
entropy is RE = –D2.
Calculation of the renormalised entropy requires estimating the tachogram distributions. Here we use an
autoregressive spectral estimation of
the filtered and interpolated tachogram. A known problem of autoregressive spectral estimations is the
bias which might appear even in
idealised circumstances. To overcome this problem a sinusoidal oscillation with a fixed amplitude and
frequency was added to the time series. The amplitude of 40 ms was
chosen to obtain a dominant peak in
the spectral estimation, and the frequency was set to 0.4 Hz, which is
the upper limit of the high frequency band (21) (compare Fig. 3).

A spectral density estimation in the
interval [0, 0.42] Hz was used to include all physiological modulations,
and the calibration peak. Using a reference tachogram from a healthy
subject with normal low and high
frequency modulations the REAR
method is designed so that either a
decreased HRV or a pathological
spectrum leads to positive values of
renormalised entropy.
Finite time growth rates
Lyapunov exponents of a dynamical
system reflect effective growth rates
of infinitesimal uncertainties over an
infinite duration, yet, time series
analysis is restricted to the analysis
of finite time series and thus it is difficult to determine Lyapunov exponents reliably (13, 29, 43, 53, 69).
Therefore, we concentrated on quantifying the state-dependent shortterm predictability through finitetime growth rates. Note that these
differ from the finite-time Lyapunov
exponents (1, 10, 34, 71, 73) as
well as the finite-time growth rates
described in (42), both of which require the knowledge of the tangent
maps thus the equations governing
the dynamics. In Ziehmann et al.
(73) the significant differences between these quantities are discussed.

Our finite-time growth rates are approximations based on the idea of
Wolf et al. (69). Firstly, pseudophase spaces of the system are constructed using delay coordinates
(54). Their dimension is denoted by
n and the fixed delay by s. Next,
for each point in this constructed
phase space Xk  xk1s ; xk2s ; . . . ;
xk nÿ1s , k  0; . . . ; N ÿ n ÿ 1s
of
the
measured
tachogram
X  x1 ; x2 ; . . . ; xN  the nearest
neighbour Xk is determined. Xk is
defined as that state which has the
minimal Euclidean distance to Xk .
kXu ÿ Xv k denotes the Euclidean
distance of the state Xu to Xv, i.e.
kXu ÿ Xv k
v
u nÿ1
uX
xujs ÿ xvjs 2
t

13

j1

Then the minimal distance dk to the
Ik state is given by
dk  min
fkXk ÿ Xi k
ji  0; . . . ; N ÿ n ÿ 1s;
ji ÿ kj > n ÿ 1sg;
k  0; . . . ; N ÿ n ÿ 1s

14

and the nearest neighbour by
Xk  fXm jkXk ÿ Xm k  dk g;
k  0; . . . ; N ÿ n ÿ 1s
15
Note that the time lag of the
nearest neighbour has to be
at least one window length, i.e.
ji ÿ kj > n ÿ 1s and we only consider points as neighbours if their
distance to the base point is less
than 10 % of the maximum distance
between any two points. Next, we
analyse the evolution of the states
Xk and Xk during the time T. After
these T steps we obtain the
states XkT  xkT1s ; xkT2s ; . . . ;
xkT nÿ1s  and XkT respectively.
The distance between both states
kXkT ÿ XkT k represents the divergence after T evolution steps. From
the original distance of both states
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and the distance after T steps we
calculate the finite-time growth rate
n;s;T
kk
:

165

RR-interval [ms]

n;s;T

kk

1 kXkT ÿ XkT k
ln
T kXk ÿ Xk k
k  0; . . . ; N ÿ n ÿ 1s


16

n;s;T

quantifies the local shortkk
term predictability at the point Xk. If
n;s;T
these kk
are greater than zero,
the distance after the evolution time
increases; otherwise, it decreases.
We calculate the finite-time growth
rates for each point of the delay phase
space, which leads to a growth rate
n;s;T
time series kk
. Its average, the
n;s;T
average growth rate kk
,
1
n:s;T

kk
N ÿ n ÿ 1s  1
17
NÿX
nÿ1s
n:s;T

kk

Fig. 4 The baroreflex regulatory behaviour: the points reflect the corresponding discrete systolic blood pressure and RR-intervals, the regression lines demonstrate the estimation of the
real slopes (curves)
Abb. 4 Die Baroreflexregulation: die Punkte repräsentieren die entsprechenden diskreten systolischen Blutdruck- und RR-Intervall-Werte, die Regressionslinie demonstriert die Schätzung
der realen Anstiege

flex sensitivity from the bivariate
heart rate and blood pressure data.
Two kinds of RR-interval (beat-tobeat interval) responses were analysed: bradycardic (blood pressure
increase causes RR-interval increase) and tachycardic (blood presk0
sure decrease causes RR-interval dequantifies a global short-term pre- crease) fluctuations, where primarily
dictability. The dimension n, i.e. the the bradycardic fluctuations reprelength of the selected tachogram, sent the vagal spontaneous barorepart varied from 3 to 9. We chose flex (12, 39). The analysis of the tathis range to cover an interval up to chycardic fluctuations allows the in9, which is a typical order of an vestigation of the relation between
autoregressive model for short-term the vagally (bradycardic) and symHRV tachograms (67). The evolu- pathetically (tachycardic) mediated
tion time and the delay are defined fluctuations of heart rate.
as T = 1,2,3 and s = 1,2,3 respecApplying the DSM, the baroretively.
flex sensitivity slopes were deterAdditionally, to reduce random mined from three consecutive blood
influences, we consider a three and pressure and RR-interval values (see
a five nearest neighbour approach. Fig. 4). Sequences of more than
According to Eq. (15) we deter- three values were proved not to be
mine the five nearest neighbours useful, because of the short duration
Ik1 ; . . . ; Ik5 of the point Ik and evolve of spontaneous heart rate and blood
all neighbours over the evolution pressure fluctuations, in contrast to
time T. The finite-time growth rates pharmacologically induced changes
for the three and the five nearest (46). The calculated slopes were
neighbour approach are derived grouped into defined slope classes.
from the average distances before Additionally, the total number and
and after the evolution time.
the percentage to the total number
of all slopes were calculated.
Former studies showed that the
Dual sequence method
heart rate does not respond simultaneously to the blood pressure flucThe dual sequence method (DSM) tuation. Obviously, the heart rate re(36, 37) was developed for the esti- sponse depends on the different vemation of the spontaneous barore- locity of vagal and sympathetic reg-

ulation (38, 39). In contrast to other
sequence methods (6, 45), the time
series are shifted to register the synchronous and the postponed heart
rate response on the same BP fluctuation.
The following parameter groups
are calculated by DSM:
• The total number of slopes in the
different sectors within the time
series,
• The percentage of the slopes to
the total number of slopes in the
different sectors,
• The numbers of bradycardic and
tachycardic slopes,
• The shift operation from the first
to the third heart beat triple and
• The average slopes of all fluctuations.
These parameters are calculated for
bradycardic as well as for tachycardic
fluctuations up to a delay of 80 values to analyse the long-term and
maximal response of the heart rate
to the same blood pressure oscillation. Additionally, parameters from
HRV and BPV analysis are calculated
to investigate a possible common application to risk stratification.
Nonlinear regression
and optimal transformations
Optimal transformations and the associated concept of maximal corre-
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lation provide a nonparametric procedure to detect and determine nonlinear relationships in bivariate data
sets. Let X and Y denote two zeromean data sets and

Table 1 The mean error of HRV parameters for two different filtering procedures (see text)
and different superimposed signals

EXY
R X; Y  p
EX 2 EY 2 

18

their (normalised) linear correlation
coefficient, where E[.] is the expectation value. The basic idea of this
approach is to find such transformations H Y and U X that the absolute value of the correlation coefficient between the transformed variables is maximised. This leads to
the maximal correlation (16, 22,
49).

Tab. 1 Der mittlere Fehler der HRV-Parameter für zwei verschiedene Filterprozeduren (vgl.
Text) und verschiedene überlagerte Signale
Mean error [%]

Adaptive filter

20% filter

VPC 100 ms premature
VPC 200 ms premature
VPC 300 ms premature
Trigemini 300 ms premature
Bigemini 300 ms premature

5.99
5.27
6.34
8.10
17.64

13.55
18.68
16.43
57.89
92.36

Alternating Conditional Expectation
(ACE) algorithm (9). This iterative
procedure is nonparametric because
the optimal transformations are estimated by local smoothing of the
data using kernel estimators. We use
W X; Y: sup jR H Y; U Xj a modified algorithm1 in which the
H;U
data are rank-ordered before the op19 timal transformations are estimated.
This makes the result less sensitive
The functions H Y and U X for to the data distribution. It should be
which the supremum is attained are mentioned that optimal transformacalled optimal transformations. This tions for multiplicative combinations
concept generalises the linear corre- of variables X~ ; . . . ; X~ can be esti1
l
lation, where the linear correlation mated by forming
coefficient R (X,Y) quantifies only
linear dependencies
Xi  hi X~1 ; . . . ; X~l 
23
Y  aX  g
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while W X; Y quantifies nonlinear
dependencies of the form
H Y  U X  g

21

Especially, if there is complete statistical dependence (49), i.e. Y is a
function of X or vice versa, the
maximal correlation attains unity.
This is also true for the relation (21)
with g  0. Here we are mainly interested in the estimation of the optimal transformations for the multivariate regression problem
H Y U1 X1   . . .
 Um Xm   g

22

This is an additive model for the
(not necessarily independent) input
variables Y, X1, . . . , Xm. The regression functions involved can be estimated as the optimal transformations for the multivariate problem
analogous to Eq. (19). To estimate
them nonparametrically, we use the

where the hi are arbitrary functions.
The maximal correlation and optimal transformations have been applied to identify delay (61) and partial differential equations (63). In
the application to differential equations, time derivatives have to be estimated from the data. The effect of
noise on the estimated optimal
transformations is not yet completely understood. On the one hand, for
neglectable amounts of noise this
approach has successfully been applied to experimental physical data
of different origin (62, 64), yielding
even quantitatively accurate results.
On the other hand, if noise contamination is strong, this method should
be used as an exploratory tool in
the process of model selection. To
minimise the influence of the noise
1
A MATLAB – and a C-program for the
ACE algorithm can be obtained from the
authors or from the web page http://
www.fdm.uni-freiburg.de/*hv/hv.html.

on the results, the variable with the
best signal-to-noise ratio, usually
the undifferentiated time series,
should be chosen as Y.

Results
Preprocessing
To test the accuracy of the filtering
procedure, tachograms of normal
healthy persons were superimposed
by simulated ventricular premature
complexes (VPC) of different kinds.
Applicable preprocessing procedures
should be able to remove these
superimposed signals to obtain approximately the same series as before. Besides singular VPCs, several
complexes of trigeminus and bigeminus were also superimposed. Next
the HRV parameter from the time
and frequency domain as well as
from nonlinear dynamics were calculated. The parameter values of the
original unfiltered time series were
compared with the values of the filtered superimposed series. The
mean error, given in Table 1, is calculated as the mean value of the relative errors of all parameters. The
relative error is the deviation of the
parameter calculated from the filtered to the original unfiltered parameter value. As one can see, even
for trigeminus periods the adaptive
filtering procedure seems to work
reliably. On the contrary, the results
of the 20% filter demonstrate that
this filter is not sufficient for an
accurate time series analysis. The
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mean error of the adaptive filter increases rapidly for episodes of bigeminus – the filter should not be
used in such cases. However, with
this filtering procedure we obtain
much better results; therefore, the
adaptive filtering procedure is used
here.
Symbolic dynamics
in a large clinical study
In an extensive clinical study a multiparametric heart rate variability
analysis was performed (59) to test
if a combination of HRV measures
improves the result of risk stratification in patients after myocardial infarction. Standard time domain, frequency domain and symbolic dynamics measures of HRV assessment were applied to 572 survivors
of acute myocardial infarction. Of
them 43 died in the follow-up time
of two years. Besides some linear
parameters almost all parameters
from symbolic dynamics showed
significant differences between the
follow-up survivors and the deceased. A correlation analysis was
performed (58) and showed that
HRV analysis based on symbolic dynamics is an independent assessment and has only weak correlations
with time (0.38 ± 0.13) and frequency (0.27 ± 0.14) domain parameters. Finally, for this population we
could show that a multiparametric
approach with the combination of
four parameters from all domains is
a better predictor of high arrhythmia
risk than the standard measurement
of global heart rate variability.

Fig. 5 Results of renormalised entropy in a clinical pilot study, black bars represent the control group whereas the white bars refer to the cardiac patients
Abb. 5 Die Ergebnisse der renormierten Entropie in der klinischen Pilotstudie, schwarze
Balken repräsentieren die Kontrollgruppe, weiße die Herzpatienten

defibrillatory shocks; additionally,
they store the 1000 beat-to-beat intervals immediately before the onset
of a life-threatening arrhythmia. We
analysed these 1000 beat-to-beat intervals of 17 chronic heart failure
ICD patients before the onset of a
life-threatening arrhythmia and at a
control time, i.e. without VT/VF
event (68). To characterise these
rather short data sets, we calculated
heart rate variability parameters
from time and frequency domain,
from symbolic dynamics as well as
the finite-time growth rates. We
found that neither the time nor the
frequency domain parameters show
significant differences between the
VT/VF and the control time series.
As already visible in Fig. 6, only
Finite-time growth rates
the mean beat-to-beat interval
and symbolic dynamics
showed a remarkable but nonsignifiin forecasting cardiac arrhythmias
cant difference between the groups.
Two parameters from symbolic
Recent studies showed that HRV assesses the autonomic nervous sys- dynamics, however, as well as the
tem dysfunction and is able to iden- finite-time growth rates significantly
tify patients at risk of sudden cardi- discriminate both groups (see Table
ac death (15, 21); however, these 2). The Shannon entropy of the
methods were not developed to per- word distribution Hk is significantly
Renormalised entropy
form short-term predictions of ma- higher in the control group, whereas
in a clinical pilot study
lignant ventricular arrhythmias. The the
low-variability
measure
objective of this study was to find ‘plvar10’ is larger in the VT/VF
In a clinical pilot study the renorma- early signs of sustained ventricular group. Both parameters indicate a
lised entropy REAR was applied to tachycardia/ventricular
fibrillation partly decreased heart rate variabildata of 18 cardiac patients and 23 (VT/VF) in patients with an im- ity in the VT/VF group which cancardioverter-defibrillator not be detected with the standard
healthy subjects. The cardiac patient planted
group consisted of patients after (ICD). These devices are able to deviation or other variability meamyocardial infarction with docu- safeguard patients by returning their sures from time domain. It is intermented life threatening ventricular hearts to a normal rhythm via strong esting to note that the forbidden
arrhythmias; 10 of them were survivors of a sudden cardiac arrest who
received automatic implantable defibrillators. From the group of healthy
subjects, the most disordered tachogram (i.s.r.e.) was determined as the
reference for REAR calculation
(REAR = 0 for healthy person no.
16). Figure 5 shows the result of
this clinical pilot study. Renormalised entropy REAR correctly classified 13 of 18 high risk patients
(greater than zero or under the
dashed line at –0.33). The previously introduced method (60)
classified correctly only 7 high risk
patients.
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no further growth rates showed significant differences between both investigated groups.
Dual sequence method in patients
with dilated cardiomyopathy

Fig. 6 The last 1000 beat-to-beat intervals before a sustained VT (a) and the respective control time series (b) from the same patient. To analyse the dynamics just before an arrhythmia,
all beat-to-beat intervals of the VT itself at the end of time series (a) are removed from the
tachograms
Abb. 6 Die letzten 1000 RR-Intervalle vor einer anhaltenden VT (a) und die zugehörige
Kontrollzeitreihe (b) desselben Patienten. Um die Dynamik kurz vor der Arrhythmie zu bestimmen, wurden alle RR-Intervalle der VT selber am Ende der Zeitreihe (a) gelöscht

Table 2 Results of finite-time growth rates and of parameters from symbolic dynamics in
discriminating the control and VT/VF series
Tab. 2 Ergebnisse der ,finite-time‘ Wachstumsraten und der Parameter der symbolischen Dynamik bei der Trennung von Kontroll- und VT/VF-Zeitreihen

k 3;1;1
k 6;1;1
k 9;1;1
Forbidden words
Hk
Plvar10

VT/VF

Control

p

0.37 ± 0.31
0.22 ± 0.08
0.11 ± 0.03
32.26 ± 10.50
2.13 ± 0.59
0.12 ± 0.18

0.51 ± 0.36
0.26 ± 0.05
0.13 ± 0.02
32.16 ± 9.30
2.43 ± 0.43
0.04 ± 0.05

n.s.
< 0.05
< 0.05
n.s.
< 0.05
< 0.05

word statistics fail to distinguish
both groups. The finite-time growth
rates were calculated for a five-nearest-neighbours approach. The parameter k 3;1;1 denotes the average
growth rate with a dimension of
3, lag 1, and evolution time 1;
k 6;1;1 , k 9;1;1 respectively. For dimension n=3 there were no significant differences, whereas the average growth rates for n = 6 and 9 differed significantly in both groups.
For evolution times T= 2,3 significant differences disappeared for

n = 6. Interestingly, for all dimensions the growth rates were larger in
the group of the control tachograms
than in the VT/VF group, indicating
an enhanced predictability or less
complex dynamics in the VT/VF
group. Additionally, we calculated
the average growth rates for different delay times s = 2,3, evolution
time T= 1, and n = 3, . . . , 9. For s = 2
we found a significant difference for
n = 6 (p = 0.016). For s = 3 we only
recognised a considerable but nonsignificant difference for (p = 0.052);

The baroreflex sensitivity (BRS) is
an important parameter to classify
patients with reduced left ventricular
function. This study aimed at investigating the BRS to differentiate between patients with dilated cardiomyopathy (DCM) and healthy persons (controls) as well as to compare the BRS with heart rate and
blood pressure variability.
In 27 DCM patients and 27 age
and gender matched controls the
electrocardiogram, continuous blood
pressure, and respiration curves
were recorded. The dual sequence
method (DSM) includes the analysis
of the spontaneous blood pressure
fluctuations and the corresponding
RR-intervals of heart rate to estimate the bradycardic baroreflex
fluctuations as well as the opposite
tachycardic fluctuations. We found a
reduced number of heart rate and
blood pressure fluctuations in DCM
patients compared to the controls
(DCM: male: 154.4 ± 93.9, female:
93.7 ± 40.5, controls: m: 245.5 ±
112.9, f: 150.6 ± 55.8, p < 0.05). The
average slope in DCM patients was
lower than in controls (DCM:
5.2 ± 1.9, controls: 8.0 ± 5.4, p < 0.05).
A correlation analysis was performed to investigate the different
HRV, BPV and BRS parameters for
linear dependence (21, 60). In general, the average correlation was
low between the different parameter
sets (r = 0.22). However, several
highly correlated parameters were
calculated between BRS and HRV
(time domain, frequency domain,
nonlinear dynamic), and between
BRS and BPV, respectively (only
frequency domain).
Furthermore, the stepwise discriminant function analysis was used
to find the optimal combinations of
HRV, BPV and BRS parameters to
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Fig. 7 Results of the discriminant function
analysis using different sets of 6 parameters.
The black marked bars contain DSM parameters
Abb. 7 Die Ergebnisse der Diskriminanzanalyse unter Verwendung von verschiedenen
Sätzen mit je 6 Parametern. Die schwarz
markierten Balken enthalten Parameter der
dualen Sequenzmethode

differentiate between DCM patients
and healthy persons. These combinations of parameters are presented
in Fig. 7.
A correct classification of 74–
86% was obtained with sets of six
parameters from HRV, BPV and
BRS. These parameter sets contain
mainly three types of information to
discriminate between DCM patients
and healthy persons: 1) the high frequency in HRV, 2) the mean values
and low frequency of BPV and 3)
the largest slopes and the number of
BR fluctuations.
A set of six parameters from HRV
and BPV increased the correct classification up to 88%. Furthermore, the
accuracy of classification could be
improved using additional BRS parameters. Using a set of six parameters of BPV and BRS a correct classification of 94% was calculated,
whereas using a set of six parameters
of HRV and BRS the classification
accuracy could be improved up to
96%. The use of a six parameters
set of HRV, BRV and BRS did not
further improve the correct classification greater than 96%.
Optimal transformations
for revealing coupling directions
To learn something about the coupling between blood pressure and

heart rate, we adopted the view that
we do not know anything about the
dynamical description of the nonlinear processes that describe the
time series of heart rate, xt, and of
blood pressure, yt, and the coupling
between them. In other words, we
used the statistical principle of maximum a-priori uncertainty which is
the basis of many parameter estimation methods.
However, we need at least a
rough model assumption. Since the
data are heavily high-pass-filtered to
investigate only vagally (respiratory)
induced fluctuations, long-range correlations are filtered out and we
therefore assume that the system
describing the change of heart
rate can be written as a map
xt1  F1 xt   g, where F1 is an
arbitrary function g and some noise.
Furthermore, we assume that the
variable x is a scalar quantity; all
the following considerations can be
easily extended to the higher-dimensional case. Since the method, as
applied to heart rate and blood pressure works well for the simplest
case of scalar state variables, we do
not go into detail with respect to
this extension. Including the coupling between x and y, the overall
system is assumed to be
xt1  F1 xt   F2 xt ÿ yt   gx
24
yt1  G1 yt   G2 yt ÿ xt   gy
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For each of the four analysed
pairs of heart rate and blood pressure, we find a maximal correlation
very close to unity (W > 0.98) with
the chosen smoothing kernel. This
shows that the model can explain
most of the variance observed in the
data; physiologically speaking there
is nearly a one-to-one relationship
between respiratory induced variability in blood pressure and in heart
rate. The results for the four analysed pairs of time series are depicted in Fig. 8.
The functions F1, and G1, describing the dynamics of the uncoupled systems, are close to linear
and are not shown. The coupling
functions F2 xt ÿ yt , however,
show a strong nonlinear behaviour
whereas the functions G2 yt ÿ xt 
are nearly flat. This is a strong indication that, assuming the crude assumption of Eqs. (24, 25) which
should be in first order a good
approximation to the observed
dynamics, the heart rate is strongly
influenced by the blood pressure but
not vice versa. Therefore, the total
system is highly skewed, or, in
other words, a drive-response system where blood pressure is the driver and heartbeat the response. This
is in agreement with the widely
accepted explanation for respiratory
sinus arrhythmia in heart rate, which
mostly reflects arterial baroreflex
buffering of respiration-induced arterial pressure fluctuations (56).

25
The functions F2 and G2 are coupling functions that depend on the
difference between the two systems,
an assumption that is often met in
modelling synchronising systems.
Now, using the principle of maximum a-priori uncertainty, the functions F1, F2, G1 and G2 are estimated from pairs of time series,
using the maximal correlation method. We use a modified ACE-algorithm where the function H in Eq.
(21) is fixed to be the identity function since in the model (24, 25) it is
not needed.

Discussion
We have introduced different nonlinear approaches to heart rate and
blood pressure variability analysis
and their application to different
clinical studies.
Symbolic dynamics is a useful
tool in several fields of complexity
analysis in science. We have applied
symbolic dynamics mainly to characterise the dynamics of heart rate
variability. Symbols represent levels
of time differences between succes-

170

Herzschrittmachertherapie und Elektrophysiologie, Band 11, Heft 3 (2000)
© Steinkopff Verlag 2000

Fig. 8 Top row: For the four analysed data sets the estimated coupling function F2 xt ÿ yt  from Eq. (24), describing the influence of blood
pressure on heart rate. Bottom row: The same for the other coupling direction, i.e., the function G2 yt ÿ xt  from Eq. (25), describing the
influence of heart rate on blood pressure. For a better comparison, the plots in each column, corresponding to the same data set, are normalised
so that a quantitative comparison of the two plots in each column can be performed. One notices that in the bottom row the coupling functions
are almost completely flat; it seems to be that there is no influence of heart rate on blood pressure
Abb. 8 Obere Reihe: Für die vier analysierten Datensätze sind die geschätzten Kopplungsfunktionen F2 xt ÿ yt  aus Formel (24) dargestellt,
sie beschreiben den Einfluss des Blutdrucks auf die Herzfrequenz. Untere Reihe: Dieselbe Darstellung für die andere Kopplungsrichtung, d. h.
die Funktion G2 yt ÿ xt  aus Gl. (25), welche den Einfluss der Herzfrequenz auf den Blutdruck darstellen. Damit man die Ergebnisse besser
vergleichen kann, sind die Grafiken welche zu einer Person gehören normiert. Aus den Grafiken ist zu ersehen, dass die unteren Kopplungsfunktionen alle nahezu flach sind, das bedeutet, dass es wenig Einfluss der Herzfequenz auf den Blutdruck zu geben scheint

sive beats. We showed that symbolic dynamics is an independent
method (low correlations to standard
time and frequency measures) and
increases the predictive accuracy in
high risk stratification. Complexity
measures based on nonlinear dynamics separate best between different patient groups because of the
partly nonlinear behaviour of the
heart rate generation. The combination of parameters of time and frequency domain and nonlinear dynamics leads to an optimal detection
rate of patients after myocardial infarction with high risk for sudden

cardiac death. Moreover, symbolic seen in tachograms without any resdynamics is a method with a very piratory modulations and without
close connection to physiological any influence of blood pressure regphenomena and is relatively easy to ulation. Dominant LF peaks are reinterpret.
cognisable in tachograms without
The renormalised entropy method any long-term regulation and deREAR is designed in such a way that creased vagal activity. The results of
tachograms with normal variability the St. George’s hospital postinfarcand typical periodograms have neg- tion data base study (66) (not shown
ative values of REAR. Either a de- here) confirmed the hypothesis that
creased HRV (under stress or even the survivors on average have negaat rest) or pathological spectra lead tive and the deceased positive valto positive values of REAR. Patholo- ues of renormalised entropy. Calcugical spectra are periodograms with lating renormalised entropy assumes
dominant ULF, VLF or LF peaks. a fixed reference distribution. In this
Dominant ULF or VLF peaks are study the reference distribution was
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selected using the interchanging algorithm applied to the data of 23
healthy persons. In future HRV studies, it needs to be investigated if a
general or a disease dependent reference distribution should be chosen.
The aim of the forecasting study
was to find heart rate variability
changes just before the onset of
ventricular tachycardia or ventricular
fibrillation (VT/VF), i.e., to look for
some precursor-like activities before
this qualitative change. Two approaches from nonlinear dynamics
indeed exhibit significant changes in
heart rate variability: methods of
symbolic dynamics and finite-time
growth rates. It is important to note
that standard linear techniques are
not able to discriminate between
these both groups. From finite-time
growth rates we obtain significant
differences between the VT/VF and
the control time series only for relatively high dimension (n > 5). This
indicates that the changes are
mainly caused by sympathetic activities of the autonomous nervous system. Vagal activities would affect
smaller dimensions. These results
are in good agreement with the physiological fact that the sympathetic
activity increases before the onset of
VT. The significantly lower values
of the finite-time growth rates in the
VT/VF group provide a possibility
to predict a VT/VF. The calculation
with different delays s for the embedding has shown the importance
of analysing beat-to-beat variability;
no successive heart beats should be
removed. For delays greater than
one, significant differences in the
average growth rates decreased,
which shows that the differences between the VT/VF time series and
the controls are caused by beat-tobeat regulation. Moreover, this study
demonstrated the advantage of using
methods from nonlinear dynamics.
The evolution of points in phase
space provides deeper insight into

dynamical aspects of the cardiac
system. Limitations of this study are
the relatively small number of time
series and the reduced statistical
analysis (no subdivisions concerning
age, sex, and heart disease). For this
reason, these results have to be validated on a larger data base.
The analysis of the baroreflex
sensitivity (BRS) is an established
method for improved classification
of different cardiac diseases. In contrast to standard BRS methods, the
dual sequence method (DSM) considers shifted bradycardic and tachycardic fluctuations. The biosignals
of patients are recorded at rest and
without any additional challenge
(e.g. application of drugs and other
stimuli). The analysis showed that
there are significant differences between DCM patients and healthy
persons with respect to the calculated parameters. In DCM patients
and healthy persons we calculated
the mean values of heart rate and
blood pressure to determine the difference in the active range of the
blood pressure. The determination
of the active range of the blood
pressure, the value of the average
RR-interval of DCM patients, was
calculated to be 795.9 ± 107.7 ms.
This value is considerably lower
than in the control group (862.4 ±
130.5 ms, p < 0.05). The values of
the average blood pressure in DCM
patients and in healthy persons
behave inversely to the heart rate
values (DCM: 101.5 ± 19.6 mmHg,
Controls:
112.9 ± 25.7 mmHg,
p < 0.05). Hence we can see that the
autonomous regulation in DCM patients seems to be more ineffective
than in healthy persons. This behaviour is characterised by the lower
number of the baroreflex fluctuations and by the lower average slope
of BRS. In comparison to the standard sequence method, the DSM
obtained an improved accuracy of
classification (84% versus 76%).
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The consideration of DSM parameters in combination with HRV and
BPV parameters leads to a significant increase of discriminant power
(96%). Summarising, the dual sequence method increases the information about the cardiovascular system.
Revealing the coupling direction
and the strength of coupling via optimal transformations is a new and
promising approach. No a priori assumptions about the dynamical system that regulates heart rate and
blood pressure has to be made. In
this contribution first the respiratory
induced fluctuations were investigated and long-range correlations
were filtered out. The results of the
four bivariate data sets analysed
here strongly indicate and confirm
the knowledge of respiratory sinus
arrhythmia in heart rate: it reflects
baroreflex buffering of respirationinduced arterial pressure fluctuations. In Taylor et al. (56) it was
also shown that there is an influence
of heart rate on blood pressure
variability. Therefore, we next have
to investigate the influence of highpass filtering to coupling directions.
However, the approach introduced
here seems to be useful for determining nonlinear coupling between
heart rate and blood pressure. Moreover, on a larger data base the coupling directions have to be investigated more intensively.
In conclusion, this paper demonstrated that parameters from nonlinear dynamics are meaningful for
risk stratification after myocardial
infarction, for the prediction of VT/
VF events even in short-term HRV
time series and for modelling the relationship between heart rate and
blood pressure variability. These
findings seem to be of importance
for clinical diagnostics, in algorithms for risk stratification and to
improve the therapeutic and preventive tools of next generation ICDs.
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